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Abstract

We extend conventional Brownian motions by incorporating addi-
tional clocks defined as running maxima or, more generally, local times.
We speculate that the methodology can emulate rough diffusion. In
addition, interpreting the physical time in this way provides a com-
putationally efficient way to introduce jumps. We demonstrate that
the approach is capable of handling many stylized facts pertaining to
stochastic volatility.

Keywords— rough volatility, fractional Brownian motion, stopping time, jump-
diffusion

Introduction

Motivation

The steepening of the at-the-money implied-volatility skew at short option maturi-
ties motivates models with more than a single diffusion time scale. Rough-volatility
models can produce a skew proportional to TH=/2 where T is the option tenor
and H < 1/2 is the volatility roughness exponent; this is a statement about the
skew, not the level of at-the-money volatility [1, 2, 4]. Fitting SPX options together
with VIX options imposes a further constraint: the model must describe both stock
returns and the distribution of conditional future variance.

The reciprocal construction below also permits independent smooth and rough
diffusion strengths, drift terms and stock—variance correlations. This separates the
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leverage contributed by the two clocks, while retaining the simpler mixed-clock
construction as an exact subfamily. It is motivated by differing short- and long-
expiry skew requirements; calibration, rather than either skew slope alone, must
determine the appropriate contributions.

A separate alternative lets a smooth reciprocal volatility model evolve in pro-
cess, or magic, time and models physical observation time by an affine boundary
clock. The resulting stock and volatility jumps may supply short-expiry smile and
skew without requiring the same dispersion of conditional future variance as a di-
rectly rough volatility clock. This is a hypothesis to assess through SPX calibration
and a subsequent variance and VIX-put review; it is not an empirical equivalence
between continuous rough volatility and jumps. The two-clock specification and its
one-volatility-state conditional variance calculation are given in[section 4.1] Its sim-
ulation uses adaptive zero-return cycles: the sampled affine endpoint determines a
conditional-mean physical-clock increment, and the financial states evolve over the
complete intervening magic duration. The accumulated generated physical time
is retained across expiries; near-expiry refinement reduces the observation-time
discrepancy without resetting the clock to the requested date. The conditioning,
numerical quadrature and remaining clock approximation are specified in f
(266).

Fractional and Volterra volatility models provide one response to these ob-
servations. Their dependence on past innovations, however, makes simulation and
conditional forecasting more demanding than in a finite-dimensional Markov model.
The aim here is to retain a tractable Markov state while allowing locally irregu-
lar clock activity. This is an alternative construction, not a claim that fractional
dynamics are the only explanation of observed scaling. Rough volatility also need
not make the stock price a fractional process: the usual construction integrates its
volatility against an ordinary Brownian motion, subject to the conditions needed
for a true stock-price martingale.

What should be rough?

Volatility level, volatility roughness, and return—volatility dependence are distinct
empirical quantities. Realized-volatility studies find variation in estimated rough-
ness across market regimes, and SPX option calibrations associate higher volatility
with higher fitted Hurst exponents |3, [4]. These results motivate state-dependent
prominence of rough fluctuations; they do not establish a universal rule that rising
prices cause greater roughness or that falling prices eliminate it. Calibrated Hurst
exponents are model dependent, and a change in their finite-window estimates need
not imply a change in a structural local exponent.

The evidence about prices requires a separate distinction. Brandi and Di Mat-
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teo [5] find that rough Bergomi can generate price multiscaling, but its relationship
with volatility roughness differs from that in their empirical sample. Such finite-
scale moment behavior does not by itself identify a singular stock clock. Roughness
observed in high-frequency prices can also involve microstructure effects: Chong,
Delerue, and Li [6] model rough observation noise alongside an assumed It6 efficient
price. That decomposition neither identifies the mechanism proposed here nor es-
tablishes that the efficient price must have the same roughness as the observed
series.

We therefore retain both calendar-time and rough-clock contributions to the
underlying, alongside a rough reciprocal volatility state. In the hybrid specifi-
cation , the stock accumulates variance through both dt and dt, while the
reciprocal state  has calendar and rough drift but diffusion only in . Its rough drift
and diffusion strengths can be specified independently, including the zero-diffusion
limit. The calendar-only stock model Wg = 0 remains a nested benchmark, rather
than a restriction of the general model. The additional stock channel is a hypoth-
esis to assess against option prices and return dynamics; the empirical studies do
not uniquely identify it or impose an ordering of the calendar and rough leverage
correlations. A continuous local-martingale construction with a singular clock is
also distinct from directly using fractional Brownian motion as a tradable price.

Do we live in volatile time?

What if we make the time itself volatile? Consider a stochastic process
dry = dt + NdW,.

Here, dW; is a standard Wiener process in calendar time ¢

th~N<0,\/E).

This process cannot be regarded as a stopping time directly as it is not weakly
increasing. Instead, consider its running maximum

75 = sup 7).
p<t

and the associated Wiener process
AW,sup ~ N (o, \/deup) .
At the point when 7; Ou P = 7;,, the increment of W, suwp would scale as

§Wysup ~ V/6T5UP ~ §L1

This is reminiscent of the fractional Brownian motion with the Hurst exponent

_ 1
H=1
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1 Properties of the Running Maximum

Consider the joint distribution of the terminal value of 7 and its maximum value

sup
T
[t() 7t/]

within the time interval [to,¢']. Note that the conditional distribution of

Ty does not depend on drift. In the driftless case, the mirror image technique

produces:

_9 (b*T’)(b*‘rtO)

P[Tﬁgpt,] > b’Tt/ = T/:| ={ e ¥  p>max(7,7)
1 otherwise

In application to the global running maximum

sup __ _sup
Tt - [700,t]

this implies

o (b=6T)b

PO > by — iy — 07] = | €2 b > max (97,6
1 otherwise

Here, we introduce the drawdown process £ = 7°"P — 7, and denote increments as

5Tsup — TtSluP sup

/
ot=t —tg, OT =Ty — Ty, — T s

Increment of the running maximum

The conditional expectation of the increment is given by

Blorvior) = [ Bl6r > bl 5r] db
0

(87)2
/1 _ 28—t
B 27T5tNe2N26tN( W/ )

5& = ft’ - ft()‘

oT < &

(67)*
\/ %77 0t Ne2om2 N (— N%) + 017 — & otherwise

Here, N(x) denotes the standard normal CDF. The unconditional expectation of
the running maximum increment can be obtained as an expectation of the condi-

tional one:
_ (57=81)2
Bfore] = [ TR {5rler) 2 g
7— p—
—co N 27t

N2 5t—§0> N2 2
==+ — N — —ex2 N
(2 §°> <N\/E 2 °

[t _©t=5)?
+ Ny —e  2xZ5t
27
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Drawdown distribution

The process 7 can influence the dynamics of observable processes only via its in-
crements; i.e., it is defined modulo a constant shift. The drawdown process £ is
invariant under such shifts and, therefore, can be used to represent the state of the
model. The cumulative conditional terminal drawdown distribution is equal to

_o(§4+67)¢

]P’[f’>£]r]:{e Mot 0T >§ — &

1 otherwise

The unconditional cumulative distribution of £ can be obtained as an expectation
of a conditional one:

/ _ (0t ==& 0t +E—&
Pl¢'>¢ =e N(N\/E >+N< oy ) (1.2)

P e A S dt + & — &o
B¢ < €] = —e N< o >+N< " ) (1.3)

Finally, the distribution density can be obtained by differentiation

1 _2¢ ot — & —
0u() =5¢ N§N<N\€/57€O>+

1 _ (St+E+Eg)?—agp5t _ (5t+E—£9)?
— (e 2826t +e 2825t
NV 27t

or

(1.4)

Long-term Limit and Stationary Distribution

The drawdown process is similar to that of the mean reverting processes. In the
long-term limit, it approaches a stationary distribution
o 2 2

Poo(§) = tliglo Pt(§) = nz€ X (1.5)

with a mean
. N2
Am B{& = 5

The time scale for approaching the stationary state is of the order of N2
Taking into account the relations between increments in the drawdown and running
maximum

0 = 67 — 6,

the expected values of these processes are related as follows

E{&} =& +E{6m"} —dr.
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2 Quasi-Rough Stochastic Volatility Model

Assuming deterministic interest rates and proportional dividends, the problem can
be reduced to one with an underlying martingale process. We shall define it as
follows:

dr = dt — RdW},

dS = S (vdWysw + odW})

(dWPW,'y = pdt,

E=71P — 1 (2.1)

Here, dW} (i = 0,1) denotes a pair of correlated standard Wiener processes, and
dW sup denotes a Wiener process in the running maximum clock. The constant
positive model parameter v is associated with the contribution of the rough volatil-
ity and o represents the smooth volatility. Without the smooth component, the
process would almost always be motionless.

Smooth volatility and correlation

In general, smooth volatility o and correlation p processes can be specified in terms
of Brownian motions that run in various clocks. However, in the case of single-
factor stochastic volatility, we should assume that they are both functions of the
drawdown process. We will assume that the correlation p is constant and that the
smooth volatility o is of the following functional form:

o= (%ﬁ)ae&%s. (2.2)

Here, o, 8, and  are constant model parameters in addition to X, v, and p. These
parameters are scaled in a way that makes them dimensionless. The parameter « is
1

related to the elasticity, which is equal to 1 — i For instance, o = 5 is associated

with a smooth volatility process, which is normal in the vicinity of zero, o = 1 is
associated with a Heston-like process, and a = —1 with the g process. Note that
for o < 0 this interpretation requires 5 < 0. With 8 > 0 the volatility process is

always asymptotically log-normal for large volatility.

Low volatility regime

The vanilla option market generally implies elasticity below 1. In this case, short-
term volatilities appear to spend too much time roaming around zero, contradicting
the empirical data. In our model, short-term volatilities do not disappear when &
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approaches the zero boundary. Instead, in this regime, volatility is dominated by
the increasing rough contribution, i.e., the expected increment of 75" (see [Fig. 1J).

AP (At=1, R=1)

1.4-.
1.2-:
o]
0.8-:
0.6-:
04]

0.2 4

0.0 0.5 1.0 1.5 2.0

Fig 1: Rough fair variance

VIX skew

Another problem with standard low elasticity models is predicting a downward VIX
skew, while the VIX option market implies the opposite. Let us demonstrate how
the proposed form of rough diffusion may address the issue. The rough contribution
to the fair variance decreases in €. Assuming that the smooth contribution increases
with &, this prevents VIX from approaching zero with & — 0. Distributions with
lower bounds manifest upward skew for strikes that are low enough. The effect is
getting stronger in short tenors with larger rough contributions. VIX is based on
a relatively short (one month) tenor.
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Vol-of-vol term-structure

Another important aspect traditional stochastic vol models miss is the stylized
fact that log-normal vol-of-vol scales like 7% with # ~ —0.5. Let us test this
behavior by plotting a logarithm of normal vol-of-vol against a logarithm of tenor
(see . To simplify the analysis, we study the volatilities implied by
the fair variances instead of the ATM options. The rough contribution to the
fair variance is due to the expected increase in running maximum. To simplify
the estimation of the smooth contribution, we will impose @ = 1, 8 = 0, so that
o ~ & We do not expect that these parameters will have much effect. Then the
expectation of a smooth contribution to the fair variance is equal to

T T
vol2 ~ E {/ 725tdt} = 72/ E {&} dt.
0 0

We observe that, in logarithmic form, the smooth contribution is approximately
linear with a negative factor in all tenors. For large &, the relation gradually
breaks down for tenors below the rough time scale, while it is better preserved
for large tenors. However, the low-tenors are expected to dominate by the rough
contribution anyway. The latter is approximately linear in all & for all tenors.

Simulation

In its parsimonious form, the state of the model is specified by two variables S
and £. Formally, the simulation requires 3 random numbers per time step: 2
(smooth) +1 (rough). However, in reality, 2 random numbers suffice. The second
Wiener process can be decomposed into a combination of parallel and idiosyncratic
portions:

AW} = pdW? + /1 — p2dWi <th¢th0> ~0.
Consequently, the asset price driver also decomposes as follows
dz; = podW + dzi,

where
drr = /1 — p2dWiE + vdWswp.

The second component can be simulated with a single random number with an
increment of quadratic variation is equal to:

d <x#> =(1- p2) o?dt + v drsUP.
The reference implementation with pytorch can be found in
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Kolmogorov equation

Let us now derive a backward PDE on option values. Under zero interest rates, in
the absence of cash flows, an option value is associated with a martingale process
Py = P(t,&,S). By the standard arguments outside the boundary £ = 0 it must
satisfy

<at — 0 + %mg + 30232% + pNO’S@g('aS) Yp=0 (£>0). (2.3)

Here, we assume that smooth volatility is a function of the drawdown process
o =o0(§), as in [Eq. 2.2l The rough volatility contribution manifests itself via the
following Neumann boundary condition:

(ag + ;u2s263> w’ = 0. (2.4)
£=0

Extensions
State-dependent rough diffusion driver
The process [EEq. 2.1| can be generalized as
dr = pdt — RdWY,
dS = S (AW, + odW}')
(dWPW}) = pat,
E=71P — 1, (2.5)
with p, N o, all being arbitrary positive value functions of £ or even separate

processes. In addition, the correlation p can also be a function of £ or form a
separate process. Then the equations (2.3)), (2.4) should be modified as follows

1 1
<at — e + 5&%93 + 5025203 + pNUS’@g@S) Yp=0 (£>0),
1
<a§ + S%?@) Y| =0.
2 £=0

Note that we no longer need to introduce the parameter v, as it can be absorbed by
the other parameters and rescaling of the process £. The model can be mapped to
one with constant rough volatility X = 1 by rescaling the physical time as follows

dt = N2dt.
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Indeed, under the rescaled time, the 7-process becomes
dr = uR™2dt — dWj.
To keep the process perpetually rough, we should impose

.M

lim = < oo.

£—0 N2
Otherwise, eventually, the drawdown process would not be able to return to zero,
causing the running maximum process to stop. Furthermore, the reciprocal N2

should be integrable with the £ distribution for the model with constant parameters

with X = 1 defined in
/ PR 2dE < 0.

Otherwise, the physical time would reach infinity at the final value of the rescaled
time . This would imply that in physical time, the rescaled time process t freezes,
eliminating rough dynamics. It is sufficient to test this condition with stationary

distribution in
e 2N72d¢ < 0.

If divergence occurs at & — 0, the 7 process will freeze after reaching the running
maximum. If a divergence occurs at £ — oo the 7-process would never be able to
return to running maximum. Assume that in the vicinity of £ =0

lim N ~ &2,
¢

Here, A is allowed to be negative. However, to avoid divergence, we should impose
A< 1.

System of nested clocks

The dynamic can be extended with additional clocks defined via running maxima
of other processes. These processes may already have rough components. This
would create a hierarchy of clocks that may be used to emulate fractional diffusion
with various Hurst exponents representable as negative powers of two or a sum of
those. Later in the paper, we will demonstrate a more parsimonious way to handle
this issue.

Stochastic physical time

The physical time itself can be modeled as one of the stochastic clocks defined in
terms of some formal model time, as proposed in [7]. This would provide an organic
and computationally efficient way to introduce jumps.
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Stochastic local vol

A standard local stochastic vol extension can be applied to capture the vanilla
option market accurately:

v=u(t,8) = ¢(t,9)7, o =0l t,8) =t 8)5(E).

Here, ¢ is a leverage function, and 7, ¢ are borrowed from the pure stochastic vol
process.

3 Quasi-Rough Diffusion: Generic Framework

Edge time and local martingale

Let £; be a continuous positive weakly growing local martingale process, i.e., such
that
E[£r] > £

Such processes can be uniquely decomposed into a sum of a global martingale &
and a weakly increasing process <.

L= Gy + 2. (31)

To demonstrate this, let us investigate the process in the accrued quadratic varia-
tion (variance) clock (£). Then, due to the local martingale property, everywhere
outside the boundary £; = 0 the process must be of the form

de = dW,g). (3.2)

Here, W ¢y denotes the standard Wiener process in the variance clock. The solution
of the equation is

o= ’W@) , (3.3)
where W<£> is another standard Wiener related to the original one as follows
dW gy = sgn <W<£>) dW<g>.
According to the Tanaka formula,
£ =Wey+ L [W = 0] " :W<£>+%L[£:0]<£>. (3.4)
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Here, L[] denotes the local time spent in the vicinity of the event. Thus we found
a solution to the decomposition with

1
We will prefer another equivalent representation of the almost always positive so-
lution to alternative to [Eq. 3.2

£ =W - W),

as it is more in line with our previously proposed rough volatility driver associated
with a drawdown process. Assume that £ is a time-homogeneous Markov process
without additional state variables. Then its volatility is a function of £ through a
stationary relation

d(g) = o*(L)dt,

the process t; can be generally associated with appropriately scaled local time spent
at the proximity of the boundary £ = 0. We will call this an edge clock.

Physical time process in the edge clock

Consider physical time as an increasing process as a stochastic process ¢; in the edge
clock. Assume that £; is a one-dimensional time-homogeneous Markov process in
the physical clock. The only state variable £ is always zero when the edge clock
moves forward, making it invisible from the perspective of an observer living in
the edge clock. This makes ¢; a process with independent stationary increments,
that is, a Levy process. This is also a pure jump process, as it contains an infinite
number of jumps within any edge time interval. As with any Levy process, it can
be fully specified by its Laplace exponent representation:

E [ew] =Y (A e ). (3.5)

For an increasing process, ¥(\) is an analytic function whose domain of definition
is contained in the complex half-plane RA < 0. We approximate this process with
a discrete-time process defined as follows. Each time step of the discrete process
consists of two consecutive parts. The first part starts at the boundary and ends
after the physical time interval equal to T. The second part is completed when the
process returns to the boundary. The total increase in physical time in one step is
equal to
st=T+T,
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where 7" is the time elapsed before returning to the boundary. According to
the expected increase in edge time in the first part of the step is equal to the
expectation of £ at the end of the first part of the step:

Ety — %] =E[&].

At the second part of the step, the process £ remains positive and, therefore, the
process ¥ remains constant. Thus, the expected total growth of the edged time in
a single step is equal to

E[0] =E[£4].
The process te is a limit 7" — 0 of this discrete-time process with a step frequency
equal to E[£]"". Therefore, for its Laplace exponent representation we

should have:
o ~1 AT
U(\) = Jim E[2] <logE [e } + )\T) . (3.6)

We will show that, generally, in the short-term limit, the time taken to return
to the boundary is an order of magnitude larger than the time spent leaving it

T’ > T. This reduces the expression to
T -1 AT ~1
() = Jim B[] logE '] = lim £,(6) " log v (V). (3.7)

Here 1)¢(\) denotes Laplace transformation of the time elapsed before reaching the
boundary from the initial state &:

Pe(\) =E [e)‘T/

&q=¢|. (3.8)

Reverse direction: edge time in the physical clock

By the duality {t; > t} = {%; < t}, the distribution of the edge time ¥; starting from
the boundary &y = 0 is uniquely determined by the Laplace exponent ¥ of
We denote its moment and cumulant generating functions from the boundary by

M, (\) =E [e”t

€0 = 0} . Ky (\) = log My, (). (3.9)

More generally, for any R -valued random variable X we write fx, Fx, Mx, and
Kx for its density, cumulative distribution function, MGF, and CGF, respectively.
Taking a Laplace transform of in t yields the double transform

> v(A)
At
My, (N dt = —— )
f e om0y = iy
Thus encodes all cumulants of physical time in the edge clock as Taylor

coefficients of U at zero whenever ¥ is analytic there, while [Eq. 3.10] encodes all

cumulants of edge time in the physical clock (from the boundary) through the same
v,

RA, R < 0. (3.10)
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Singular change of numeraire

Consider the generic continuous diffusion process on Ry of the form
g = p(€)dt + o (§)dW.
Any local martingale must satisfy the backward Kolmogorov equation
Y +99Y =0, (3.11)

where we define the elliptic differential operator
D =yl + 20?0}
= pog + 27 %>
which can be decomposed as

1
D=D), D=u- +§a285. (3.12)
Here the symbol - indicates a multiplication operator. The distribution density ¢
satisfies the adjoint forward Fokker-Planck equation

O — D ¢ = 0, (3.13)

where

1
D* = -9D*, D*=p- —58502. (3.14)
The value of the stationary local martingale must satisfy
Dy = 0.

We will allow the boundary to be attainable. We also consider the process to be
fully reflecting (nonabsorbing). This prevents £ from being a global martingale.
The martingale property would preclude the process from leaving the boundary
once it is reached, which would make the process fully absorbing. We will study
nonstationary solutions of this equation with the following asymptotic behavior
near the boundary.

P ="+ 1L +o(L). (3.15)
Here, %) and 4 are some constants. They can be obtained as
0
Oy = i Ly — lim =Y. 1
Y 51_r>r(1)w, {0 lim — (3.16)

Solutions associated with global martingales must satisfy '¢» = 0. Although £
is not a global martingale, it can still act as a RadonaASNikodym derivative.
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However, the measure produced by such transformation would not be equivalent
to the original. Rather, as we will demonstrate later, it can be associated with a
certain conditional process. The formal application of the Girsanov theorem results
in the following modification of the drift term:

po— i = ptd,

where

q = 020 log L. (3.17)

Indeed, the formulae [Eq. 3.11] [Eq. 3.13| are equivalent to

Op = —D = DY), 0 =D"¢=—-0Dd, (3.18)
where
T -
V=2, D=ji-+50" 0 =D+a, (3.19)
b= £, @*:ﬂ-—%QUZ::D*+q3 (3.20)

as long as £ solves to the Kolmogorov equation, i.e., £ = 0. We will call the
process associated with the above singular measure change a dual process. The
stationary solution to the adjoint Fokker-Planck equation must be of the
form

D*¢ = const = — (¢.

The same analysis applied in the dual representation yields
D*¢ = const = |¢.

Applying here [Eq. 3.20] we obtain

2
16 = (D" +0) (£0) = £(D" + ) ¢ — T-06L06 = £(— 6 + 36).

This leads to the following representation for the generic stationary solution of the
forward equation:

_2(10
¢_q<£—h@>. (3.21)

For nonstationary solutions, this decomposition still applies in the form of an
asymptotic expansion near the boundary.

.0 =2 (L5 + 000 + o(1) ) 322
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as long as the initial condition satisfies the constraint. The expansion factors can
be determined as

_ 1. _ L 0®
16= 5 limao, oqb—Qg%q( £>. (3.23)

Assuming that this asymptotic relation is differentiable and homogeneous in time,
its application in conjunction with [Eq. 3.14] yields

. 2

Integrating this relation over ¢ we obtain

D*Bleso = — 09+ O () = — g6+ o(L). (3.24)

Here we have introduced the function

€)= | 2 e (3.25)
=/ g )
Similar analysis applied to the dual process yields
D' = 16+0(), (3.26)
£—0
where
¢ 9
&) = / 2 ge. (3.27)
o 49

Let ¢ represent the distribution density for the process with nonabsorbing bound-
ary. Then

/0 O(T, €)de = 1

Differentiation of the right part of this with respect to time while applying [Eq. 3.13
together with [Kq. 3.24] results in

d fe'e) o) . . o
o /0 $(T, €)de = /0 ~0D* ¢ = lim D" = — oo, (3.28)

Thus we have obtained the following boundary condition for forward equation
associated with the non-absorbing (fully reflecting) process

0¢ = 0. (3.29)
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Performing an analogous analysis in the dual representation, we arrive at
d oo d 0o 00 B B
— d§ = — ¢ = —9D*pdE = lim D* ¢ = {¢. 3.30
G| esde= g [Tade= [T —optide = mpio =10 @30)

This result can be related to an expectation of the future value of the local martin-
gale £. In addition, with an opposite sign, it can be interpreted as the absorption
rate. Note that according to for a positive distribution ¢ it is required
that

19 > 0. (3.31)

This makes absorption for the dual process impossible or, in other words, makes
the boundary unattainable. In fact, the dual process can be interpreted as the
base process conditional on never reaching the boundary. Consider the boundary

condition ;¢ = 0. According to [Eq. 3.22] it is equivalent to

2
¢|§—>O =0 <q> )

which means that it is an order of magnitude smaller that the density for an
absorbing process. This boundary condition can be associated with a complete
absorption at the boundary. The probability of not touching the boundary can be
calculated via this solution as follows

P[Vecr : & > 0] = /O (T €) de.

Differentiating this equality with respect to time while applying [Eq. 3.28| produces
the following formula for the first touch distribution density

d

_ﬁ]p Vi< : & > 0] = — 0.

Relation to local time

According to our definition of edge time ? in [Eq. 3.1] its expected growth rate is
equal to the expected growth rate of the local martingale £, which, in turn, can be

calculated with [Eq. 3.30
d d
B[] = B [27] = 14(T) (332

Here ¢(T,&) is the distribution density for the base process. Application of the
I’HA¢tpital’s rule to the ratio of the cumulative distribution function to the &

function [Eq. 3.25| yields
Plsr < ¢

¢(T,¢)

lim = lim 3
q(§)L(§)

£—0 6(5) £—0

= Liim o(T, 0)90)2(6) = 0(T),.

20
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Here we also applied [Eq. 3.23] Integrating [Eq. 3.32 over time after substituting

there the above equality we obtain

E[]=E [éii%g(lg/z{gt <§}dt} .

Here, Z {+} denotes an indicator function. Note that the variable under expectation
on the left side of the equation is continuous and weakly increasing, thus falling
under our axiomatic definition of the edge time. This leads to the conclusion:

!
b = g%g(@/l{&t < &}t (3-33)

Boundary conditions

We will say that a process is quasi-rough if its drift and/or quadratic variation
have edge time contribution:

dr; = pgdt + Jd¥ + o, dWy + RdW,.

Application of the Ito lemma to a derived process 1y = 1(t, &, x) produces
o? o?
dip = <6t + 110 + pz Oy + ?852 + f@aﬂ + p0'0‘x3§3$> Y dt

N2 0
+ <J<9m + 283) YA + 0 0gtp AWy + 0,000 AW + Na—det.
z
Here p denotes the correlation between the processes x and £. As the edge time does
not move outside the boundary ¢ = 0 the standard equation on local martingale

processes still applies:
o 2 & 2
O + ¢ + g0y + 5 Of + 5 0y + poog0¢0, | ¥ = 0. (3.34)

Here we assume that the process £ is Markov with no extra state variables. The
result obtained here can be trivially extended to higher-dimensional models. Edge
time can only contribute via the boundary condition. To derive this condition, let
us apply the asymptotic decomposition of ¢ near the boundary, generalizing the

analogous decomposition [Eq. 3.15

Y(t € 2)es0 = ") + (1)L + o(£).
with the decomposition coefficients defined in [Eq. 3.16| The boundary condition is
obtained by replacing dt with d€ in the limit £ — O:

NZ
m (:laxw + 2a§w> = 1y. (3.35)

li
£—0
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Quasi-rough stochastic rates

Edge time can also be used as a contributor to accrual for the money market
account defined as follows

t/
Dy = Py exp (/ r(t)dt + '15?) . (3.36)

to

Here r(t) is the conventional instantaneous risk-free rate and 9 is the intensity of
quasi-rough contribution. This methodology allows one to model large and volatile
long-term rates while keeping the short-term instantaneous rate at a low or zero
level. This feature can be particularly helpful in modeling a low-rate regime. The
rough contribution does not affect the Kolmogorov equation, which remains the
same as for the standard diffusion:

2
<at + e + %ag — 7’-) ¥ =0. (3.37)

However, now it must be paired with the following boundary condition:

Lp =20, (3.38)
or, equivalently,
W (8)eo =P (1+IL+0(L)).

The adjoin boundary condition for the associated forward equation should be de-
fined in such a way that if satisfied, the following condition must hold:

/OO P dé = const
0

Differentiating the left side of the equation under the assumption that the function
under the integral satisfies the backward and forward equations [Eq. 3.11], [Eq. 3.13
produces

d [* >0 .

dt/o W)dg:/o {~6D9 + YD*¢(T, €)} d¢
= —/0 g {M¢¢ + % (¢02Otp — YO (¢U2))} dg
= %lg(l) {MW + % (¢ Oetp — s (¢02))}

. . 1
— %5% (uﬂ) b+ 2¢02651/1) .
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Alternatively, in the dual representation, this expression can be represented as
G| wede =5 [ dide = tim (9576 + J60%0d
dt 0 a dt 0 a £—0 2 7 ¢ '

This representation is better equipped to handle the contribution of the terms
with the multiplier £ in 1 as it is associated with a constant function in the dual
representation. In the absence of the constant term in v the contribution would
be

I - L~
li D*¢+ —¢a?9ey) | = 1 lim D*¢ = 19 .
gg%@ b+ 500 w) U lIm DG =" 10
Here we also applied [Eq. 3.26 The constant term is easier to handle in the base
representation. In the absence of the rough terms in % the contribution would be

. « 1 . X
Jim (w o+ 2¢0285w) =% Im D*6 =~ 0 o0,

Here we also applied |Eq. 3.24] Finally, combining it all together, we obtained the
following results.

d oo
G| e =te10-"0 0. (3.39)

In order to eliminate the boundary contribution, we should impose on the forward
equation a boundary condition orthogonal to [Eq. 3.38| with respect to the inner

product on the left side of [Eq. 3.39] which is:
0b =10. (3.40)

In the limit 9 — oo the boundary conditions for the Kolmogorov and Fokker-Planck
equations become

O =0, 16=0. (3.41)

According to [Eq. 3.16] [Eq. 3.23| this is equivalent to
li = li =0. 42
lim =0, limqC¢ =0 (3.42)

As expected, these conditions are associated with full absorption. In credit ap-
plications, the methodology generalizes the Merton capital structure model [§].
In the general case 7 < oo absorption is partial. That is, the process can reach
the boundary without necessarily triggering default. The extreme case 9 = oo is
associated with the conventional version of the Merton model.
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Example: Running maximum

Let us apply the methodology to the previously studied running maximum pro-
cess. Outside the boundary, the associated drawdown process follows the following
stochastic differential equation.

dé = —dt + RdW. (3.43)
In application to this process, the operator |Eq. 3.12]is equal to
D=1- +N85.

The local martingale solution to this equation that turns zero at the boundary is
unique modulo the a multiplier, which we choose to make the associated edge time
equal to the running maximum:

N2 o2
- (eig - 1) . (3.44)
An application of the generic framework [Eq. 3.T4Eq. 3.25] yields
2 _2 2
0= =1 W = 2 o)
1—e »2 N

Therefore, according to [Eq. 3.33] the edge-time is equal to the local time spent at
the boundary multiplied by the factor %2 This result is consistent with the Tanaka
formula for a running maximum.

Let us calculate the Laplace transform of the & distribution

Or(A) = E {eA&] . (3.45)

Consequently, performing integration by parts under the assumption A < 0, we
obtain

dr(A) = /000 eMdP[¢) < ¢] = _/1\/000 MP[g) < €] de =
2 (N2A - 1) VT 1n2p_ VT
) <(1 —NIA) N <N> eTAGNASL) 4 Ny (N»

The expected increase of edge time is equal to

NZ

A=z
_ <N22 +T> N (f) _ N;N <_\€> + N\/ie_mT?. (3.47)
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Here we use the definition of £ process in This value is exactly the
same as in This confirms that the edge time associated with the local
martingale is indeed the same as the running maximum. In the short-
term limit the Laplace transformation becomes

Or(A)70 =1+ N\/?A +O0(T). (3.48)

This implies that in the short-term limit the distribution of &; is approaching

deterministic with the value
12T
51 ~ Ny —.
T

The short term limit of [Eq. 3.47| yields

E [0t = N\/? +O(T). (3.49)

This result can be also obtained by differentiating [Eq. 3.48 with respect to A and
using the following relation

d

E[5h] = E[6¢)] = —

O

A=0

The Laplace transform of the distribution of the return time is equal to

B[] = [T v il <a, (3.50)

where (&, A) is defined in [Eq. 3.8] Differentiating both sides w.r.t. the step
starting time and applying the Ito lemma, we arrive at

1
(—ag + oNOE + A) ¥ =0.

Solving this differential equation with the boundary condition ¥ (0, \) = 1 we obtain

e N) =T (3.51)

This confirms the well-known result for the Laplace transform for the inverse Gaus-
sian distribution. Substituting|Eq. 3.51|to[Eq. 3.50|and applying notations|kq. 3.45
we find that

E[7] = /0 I A (H;;Tﬂ (3.52)
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Applying here the asymptotic expansion [Eq. 3.48] we observe

1mEF”ﬂ:H—225¥il@3+OG) (3.53)
T—0 ™ N2

Counterintuitively, in the short-time limit, the time taken to return to the boundary
is an order of magnitude larger than the time spent leaving it. Finally, substitut-
ing [Eq. 3.52] [Eq. 3.49] and [Eq. 3.4§] into [Eq. 3.6] we obtain the Laplace exponent
representation of the physical time process in the edge clock:

-1
2T 1—+/1—2N2)\
V(M) = lim (N ) <log Op—r s + AT)

T N2

-1
2T 271 — /1 — 202 1—v1—2N2)\
Y T

This agrees with the well-known result for the inverse Gaussian process.

Distribution of the edge time from the boundary

Since U(A\) = (1 —+/1 — 282))/N? is the classical inverse-Gaussian Levy exponent,
the physical time ¢; admits the concrete Brownian representation

tv Linf{u>0: u+RW, =1},

where W is a standard Brownian motion. Inverting a first-passage process yields
the running maximum, so

¥ 4 sup(u + NWU),
u<t

consistent with the identification ¥ = 75"P of the auxiliary process of [Eq. 2.1} The
corresponding CDF at § = 0 is given by [Eq. 1.3} and its density by
This is the running-maximum analogue of the affine Mittag—Lefler identification
of below: in both cases ¥ is the inverse of the physical-time subordi-
nator; the Mittag—Leffler law arises only in the stable (affine) case, whereas here
the inverse of an inverse-Gaussian Levy process gives the running-maximum-of-
Brownian-drift distribution instead.

Since ¥(A) is analytic at A = 0, all cumulants of physical time in the edge clock
are finite. Expanding,

N2 N4
MM:A+§%%%5ﬁ+OM%
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and reading off the Taylor coefficients from [Eq. 3.5]

E[t:] Var[t;] 9 K3lt] 4
ot ’ ot ' v
The reverse direction follows from [Eq. 3.10; differentiating M;, with respect to A

at A = 0 and inverting the Laplace transform in ¢ produces

NQ
E[t¢[&0 = 0] :t—}—?%—o(l), t — oo,

which agrees with the large-tenor limit of [Eq. 3.47 In the short-tenor limit, the
drift is negligible and % L Ni|Z| with Z ~ N(0,1), giving E[t¢|& = 0] =
Ny/2t/7m 4+ O(t), consistent with [Eq. 3.49

4 Quasi-Rough Extension of Affine Process

Motivation

Earlier, we have demonstrated how to generate a process that emulates rough dif-
fusion of the Hurst index equal to % However, empirical evidence suggests that
volatility often manifests a more significant roughness associated with much smaller
Hurst indices. This issue can be addressed by layering running-maximum-linked
clocks. In this way, we can emulate rough dynamics with Hurst indices equal to a
sum of negative powers of two. This would require additional state variables with
a total number equal to the maximum negative power, thus increasing complexity
and adding calibration instability. Fortunately, replacing running maximum with
a more general edge-time technique provides a much more parsimonious solution
that does not require any extra state variable. Furthermore, as we shall see, an
edge time obtained from a one-dimensional affine process allows one to emulate
behavior associated with an arbitrary Hurst index. Affine models, such as the He-
ston stochastic volatility model and Cox-Ingersoll-Ross stochastic rate models, are
very well studied. They offer an array of closed form formulae for such important
quantities as forward variances and forward rates. This feature is essential to model
VIX options and interest rate derivatives. Although these formulae are not directly
applicable in the presence of rough components, they can still be used to assess the
smooth contribution. As we will demonstrate, various quantities pertaining to the
edge time, and, therefore, linked to the rough contribution to forward variances
and rates, are also available in closed form or can be efficiently approximated.
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Mean-reversion free process

Let us start by studying an affine process with no mean reversion:
d¢ = 0dt + \/2£dWs. (4.1)

Here 0 is a positive constant. We have reduced the volatility parameter by appro-
priately scaling the underlying variable. As we will show later, most of the results
obtained in mean reversion free environments can be extended to a generic case.
The local martingale solutions for this process satisfy the following Kolmogorov
equation:

O + 00e0 E0Y = 0. (4.2)

For our purposes, the boundary must be attainable, which requires the Feller con-
dition to be violated, that is,
0 <1. (4.3)

Then, the Kolmogorov equation has a unique up-to-a-scale solution turning zero
at the boundary:

g=¢-0 (4.4)
Applying the generic formulae [Eq. 3.17] [Eq. 3.25] [Eq. 3.27] with this solution we
obtain ,
al€) =21-0), e(€)= o E©) = o (15)
’ 0(1—6)’ 1-46

Dimensional analysis and scale symmetry

Perform a dimensional analysis of Based on the random walk term (£)2 ~
(t)(&) and therefore (§) ~ (t), i.e., £ is of the same dimension as time. Then, based
on the drift term, the parameter 6 is dimensionless. This is consistent with the
way it participates in the Feller condition [Eq. 4.3] According to our definition of
the edge time, its dimension is the same as the dimension of the local stationary

martingale solution [Eq. 4.4] Therefore,
B~ L0 (o)
Consequently, the model is invariant under the following scaling symmetry:

6t — Bot, € — BE, v — B (B>0). (4.6)

This scaling matches the self-similarity Bg 4 pH BH of fractional Brownian motion
of Hurst index H = (1 — 6)/2: the rough Wiener increment §W; ~ (6%)'/2 ~
(6t)(1=9)/2 transforms with the same exponent as B itself, providing structural
support for the hypothesized link between the affine construction and fractional
diffusion of that Hurst index across the entire family 6 € (0, 1).
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Distribution of the time to reach the boundary

Let T" = t5 —t1 denote the time elapsed before returning to the boundary from the
initial state £ = £;. According to the scaling symmetry, the cumulative distribution
function for this variable must be of the form

P[T' <T|& =¢] =0 <§) : (4.7)

Note that, for the fixed maturity t2, the cumulative probability is a martingale
and, therefore, is subject to the Kolmogorov equation [Eq. 4.2 In application to

the right part of it leads to
(z+ ) (2) +2Q"(2) = 0. (4.8)
Solving this equation with the boundary conditions

Q0) =1, Zlirgo Qz)=0

we obtain: (16,2
-0,z

Qz) = ——>2. 4.9

&)= T (19)

Here, I'(x) and I'(*, %) are the gamma function and the upper incomplete gamma

function, respectively. This means that the variable z; = % follows the gamma

distribution with a shape parameter equal to 1 — 6. Now we are ready to calculate
the Laplace transform of the return-time distribution:

Ye(N) = — /O T ALa0(s) = r(11—9) / 0 202

0
_ m Ko (2 —Ag) . (4.10)

1-6
2

Here K, denotes the modified Bessel function of the second kind of the order «.
In the limit & — 0 this result is approximated by

I'(—1+06)

¢£()\)£~>0 =1+ T(1-0)

(—A8)0 — %)\5 ro(e?). @

The physical time process in the edge clock

According to our generic conclusion, in the edge clock, the physical time follows
the increasing pure jump Levy process with the Laplace exponent representa-
tion [Eq. 3.7 After substituting there [Eq. 4.4] and [Eq. 4.11] we obtain

T'(—1+06)
T(1-9)

U(A) = lim & log () = (-7, (4.12)
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Note, that the cumulant generator W(A) branches at A = 0. This implies that all
the cumulants of the Levy process are infinite. This is caused by the lack of mean
reversion.

Green function

Green function G(¢,&'|to, &) is the distribution of & = ¢ subject to the initial
condition &, = &. The Green function satisfies the Kolmogorov equation
with respect to the second pair of arguments. With respect to the first pair of
arguments, it satisfies the adjoint Fokker-Planck equation:

(=0 — 00 + 0¢) ¢ = 0. (4.13)

The Green function for this process is related to the noncentral x? distribution

G(t',€to, &) = t’—lto (;)2 e—iltf;’[afl (2, /%) . (4.14)

Note the following special cases

/

__& — _
e 7 (' —to) ¢! (4.15)

. I, _ 1
fl()lgoG(t 75 ‘t()ugO) = F(G)

G(t', € [to,€0) o = T (1) Y 0 (5’9) . (4.16)

1
I'(0)
These results can be also obtained by leveraging the scaling symmetry
thus reducing the problem to solving ordinary differential equations. In terms of

the generic asymptotic decomposition for solutions of the Kolmogorov and Fokker-
Planck equations [Eq. 3.16] [Eq. 3.29] they can be written as follows:

"G(t,¢[to) = lim G(¥',€'[to, &)

!

= 11(19)6_75':0 (t/ N to)—ﬁ 5/9—1’ (4‘17)
1G (10, 60) = 5 Jim a(€) )G (1€ [to, €0)
1 _/670 / —0
=t p° o) (4.18)

Here, we applied [Eq. 4.5] The generic formula [Eq. 3.32] for the expected increase

in edge time, in terms of the Green function, can be formulated as follows.

d

S Elelée = o] = 1G({lto, o), (4.19)
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which in this case yields

d 1

—E[¢|&, = x0] = -1

- e "t (' —to) . (4.20)

Scale invariant parametrization

The Green function [Eq. 4.14] can be rewritten in the following manifestly scale-
invariant form

g (Z (6/7 t/7 tO) ) Z (507 to; t,))

I o
G(t', € |to, &) = Y 1) (4.21)
where
!/ !/ / ! g/
0—1
AN ,
g (z',zo) = (;) e % Jp_4 (2 z’zo) . (4.23)

The edge cases [Eq. 4.15] [Eq. 4.16] can be derived from the asymptotic expansion
of the Bessel function

Loy (2v7) = 27 (F(le) +0 (z)) .

In the scale-invariant form they can be formulated as
e’Z(EUt’;tO)Z (5/7 t/; t0>0—1

L)Y (¢, to) ’
e~ Z(Eo.toit)

—T(0—1)Y (¢, t9)"

G, ¢ t) = (4.24)

1G (t [to, &0) = (4.25)

The previously obtained result for the distribution of time to reach the bound-
ary [Eq. 4.9] [Eq. 4.9| also naturally formulates in the new notations:

P{& =0} = {t = t'}|&, = &) = Q(Z (to, z0; 1)) - (4.26)

Here, {*} denotes the first occurrence of the listed condition, and the symbol >
specifies the order of the occurrences.
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Expected increase in edge time

To model VIX options, we need the ability to handle forward variances directly. In
our approach, the rough contribution to the expected variance is proportional to
the expected value of the increase in edge time. The expectation of the increment
of the edge time is equal to

E[5}&r, = €] = E[£ (&) |0 = &0] — £(60) = /O Gt &t o) &' 0dg — 57"
Applying here in the case of £ = 0 yields

L [N ) T ()
Blstle, =0 = [ o i-0ag = Lo —

Thus we established that, in this case, the rough component of the variance scales
as (0t)'=%. This emulates rough diffusion with a Hurst index H = 17_9. The ex-
pected increase in edge time can be calculated without resorting to integration over
the noncentral x? distribution. The edge time remains constant until the process
reaches the boundary, at which point its expected value can be evaluated with the

central chi-square distribution [Eq. 4.15] As has been demonstrated, the recipro-
-Eq. 4.9

cal time to reach the boundary z = tf—%o follows the gamma distribution

Therefore,

<t ’ ¢ )1—9
00 o=z, — 19 — 70

z

1-6 (e 9] t—tg d
= 0 Q_Ty —1 1-6 7y
. =07

T —1,7)
1-6 > t—=to
e (4.27)

The expected growth rate of the edge time can be obtained by differentiating the
above result over the expiration time:

)

d (t—to) e

%E[ttmto = EO] = —F(@ - 1)

This is in agreement with [lq. 4.20
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Distribution of the edge time from the boundary

Under the initial condition &, = 0, the scaling symmetry [E.q. 4.6/ applied to a path
started at the boundary implies that the ratio

R =

T (4.28)

has a distribution independent of d¢t. Its law can be identified in closed form as
follows.

According to[Eq. 3.5land[Eq. 4.12] in the edge clock, the physical time is a stable
subordinator of index 1—0. The branching of ¥ at A = 0 makes every cumulant of
infinite (contrast with the running maximum case, where all cumulants are finite).
The reverse direction is regular: substituting ¥(A) =T'(0 —1)/T'(1 — ) - (=A)'
into produces the double Laplace transform of t; from the boundary in
closed form, and inverting in t shows that % is the inverse of a (1 — 6)-stable
subordinator. Thus R inherits the Mittag—Leffler law of index 1 — 6 [111 [10], 12} @],
rescaled by the intensity of U(\):

a I'(2-0)

R = Y.

r@ v My (\) = E1-¢(N), (4.29)

where E, denotes the classical Mittag-Leffler function [I0]. The Mittag-Leffler
law arises here specifically because V¥ is stable; for a general ¥ the inverse subor-
dinator has a different distribution (e.g., the running-maximum-of-Brownian-drift
distribution in the running maximum case of , and only the double trans-
form continues to apply. The first moment

is consistent with the & = 0 specialization of [Eq. 4.27] Indeed, setting zo = &/dt
and expanding the upper incomplete gamma function for small zg,

0—-1

T —1,20) =T(0 —1) — ;0_ . +o(zg) ,
substituting into and using (6 — 1)I'(0 — 1) = T'(0) yields
5t179
E[5tI60] = ~& " + gy + o)

Since 1 — 6 > 0, 501_9 — 0 as { — 0, and [Eq. 4.28 produces E[R] = 1/T'(0), as

claimed.
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The density of R is not elementary in general, but it can be evaluated from
that of the one-sided (1 — 6)-stable law [I3] via the identity ¥ 2 §-(1=0) where S
has Mg(\) = e~ N7 for RA < 0.

As a sanity check, consider the special case 6 = % (Hurst index H = i, matching

the running maximum model of [Eq. 2.1). Then I'(2 — 0)/T'(0) = %, and gy /5 is the
density of the Lévy distribution. A short calculation gives

2
fr(r) = ﬁ 677‘2, r >0,
i.e., a half-normal, reproducing the short-time limit [Eq. 3.49| of the running maxi-

mum increment.

Support for the Hurst-index emulation at arbitrary ¢

The Mittag—LefHler identification [Lq. 4.29| carries stronger consequences than the
mean-scaling argument sketched earlier. Since the Mittag—Leffler moments E[Y™"] =
n!/I'(1 4+ n(1 — 0)) are finite for every n,

E[ & = 0] o< (68) "0, n>1.

The Wiener process Wy, that drives the rough component of is standard
Brownian in the edge clock, so
_ 1-6

E[(Wr,)"[60 = 0] oc (61)"(70/2 = (o)™, H = ——,
which matches the corresponding fractional Brownian motion moment exponents
E[(BH)"] o t"H to all orders. This extends the n = 2 variance-scaling argument
used earlier to justify the emulation of fractional diffusion of Hurst index H = (1 —
0)/2 to a full-moment consistency statement, for arbitrary 6 € (0,1). The scaling
symmetry is itself a process-level statement of the same self-similarity that
fractional Brownian motion enjoys under ¢t — gt, Bff — g BH  providing further
structural support for the emulation across the entire family.

The extension is a marginal-scaling statement, however, and not a process-level
equivalence: the affine construction is Markov in £ by design, whereas fractional
Brownian motion is not. The autocovariance structures therefore differ, and the
emulation should be read as reproducing the same self-similar marginal moment
scaling as fractional Brownian motion while remaining a tractable Markov process.
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Conditional process and duality without mean reversion

Let us study the process under the condition that the boundary was reached at the
time toom This can be accomplished by taking an Arrow-Debreu security linked
to the event as a numeraire. In this case, the Radon-Nikodym derivative is the
distribution density for the first touch time. According to |Eq. 4.9] it is, up to a
multiplier, equal to

dz 1 _ o 13
t =q 7:_710%0_7502 z = .
Application of the Girsanov theorem to this case produces the following drift ad-
justment
E [df §irlfot = too} = E[d¢] + d(¢, logwy,,) = (0 + 260¢ log wy,, ) dt

= <2—9— 2 )dt.
too — ¢

Note that the conditional process is very similar to the original, except with the
modified Feller parameter .

0—-0=2—-10 (4.30)
and a time-dependent mean reversion. The latter disappears in the limit ¢, — 00,
which is associated with the condition of never reaching the boundary

E[d¢|V:& > 0] = Adt.
Note that the modified parameter satisfies the Feller condition § > 1, making

the boundary unattainable as expected. In the general case t,, # 00, the time-
dependent mean reversion can be eliminated with the following change of variables

. - 1 - dt ¢
t t T t= == —. 4.31
09 > (0 T= E=tp=r (4.31)
Then, indeed
- E[d¢|infe,—ot = too 26 dt fdt -
E[dg inft:too}: linte—o? =too] | 26t 5 = 0di
£=0 (too — 1) (too — 1) (too — 1)
= 2
~ dt 2&dt .o
d =|— | d{§) =——— =2¢dt. 4.32
(&) ( dt) € =i (4.32)
In the scale-invariant form, the transformation can be written as
s g 1 t Z(ta§§ too)
(46 = (L8 f=—t, =2l (4.33)
Y (too, )] Y (too, 1)

!The reasoning behind these notations will transpire later
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Extension to the joint (£,S5) dynamics. The same Girsanov mechanism
produces the conditional drift of any process correlated with £&. For an asset S
driven jointly with & through correlated Wiener drivers,

d¢ = 0dt + /26 dWE, %:M%f(dewa\/lprthJ‘), (4.34)

under P we have d (¢,log S) = pv/H £ dt. The martingale part of dlogw__ is

[dlogwi,,] .. = \/% [(1 —0) — 3 } AW}, (4.35)
too — 1
obtained by adding the martingale parts of (1 — #)log¢ and —¢/(tec — t). The
cross-variation with log S produces the extra drift acquired by log S under the
conditional measure:

E[dlogS

gitgfot = too} —E[dlog S] = pVH [(1 —0) — ¢ t] dt. (4.36)

too —

In the never-touch limit,
Eldlog S | V& > 0] — E[dlog S] = pVH (1 — 0) dt, (4.37)

i.e. a constant drift on log S. The {-dependence in \/HE/2 - /2/€ cancels exactly:
the shift in log.S carries unit scaling weight and is therefore a scalar under the
affine scaling symmetry (¢,£) — (B¢, 5¢), matching the scaling weight of dt.

Written in the scale-invariant coordinates [Eq. 4.33} using §/(tc —1) = ¢/t and
dt = dt/t* together with the invariance HE df = HE dt (which fixes H = H/t* and

VH = VH /%), the drift takes the manifestly scalar form

E [dlog S

inf 1 = too] —Eldlog ] = pVH [(1 —0) - f] di. (4.38)

This is the same expression as [Eq. 4.36|in the dual variables: substituting v ] —

VH /1% and dt = t2dt recovers [Eq. 4.36|exactly. At a fixed terminal touch, t — ts
maps to £ — oo, but the coefficient \/77:[ then vanishes as ¢~2; this is a coordinate
stretching of a finite physical-time interval, not an explosion of the conditional
asset process. The never-touch limit is instead to, — oo at fixed ¢, which maps to

t — 0 and is most directly represented by [Eq. 4.37]
The perpendicular driver W+ is independent of W¥, so its distribution is un-

affected by the change of measure. The quadratic variation of log.S is likewise
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unaffected: the Girsanov transform of P — P" only shifts the drift on W¢. Com-
bining, the conditional dynamics of log S under the never-touch measure take the
closed form

dlog S = — 31 dt + pV/H (1 - 0) dt + 1/ 2 (pdWi + /1 — p2dWit),  (4.39)

where W€ = W& — [(1—0),/2/&; ds is a standard Brownian motion under the con-
ditional measure. The finite-t,, case is obtained by retaining the state-dependent
term in it is not a deterministic contribution along an individual condi-
tioned path.

Mean-reversion

The generic one-dimensional affine process

dé = (0 — KE) dt + /2£dW,. (4.40)
can be reduced to the mean-reversion-free versions via the following change

of variables
Kkt

- = ~ ~ dt
(6 = () i=, E=¢2 =" (1.41)

Indeed, in new variables, the growth of quadratic variation and expected state
variable are equal to

E [dé} = et (E [d€] + kedt) = Oe™tdt = 0di,
d <g> — 2 (¢) = 26 edt = 2Edi. (4.42)

As a consequence, the results [Eq. 4.23] [Eq. 4.24] [Eq. 4.25] and [Eq. 4.26] still apply
after the mapping in [Eq. 4.22]is modified as follows:

] Kt' ¢! / /
Z(Hety) = - = CRE rS _ & 4.43
) = g = o ~ et~ W
where
e“(tO*tl)_l
Y, t)) = ——. (4.44)

K
In these notations, the transformation to the mean-reversion-free parameteriza-

tion becomes
(t,8) = (Y(toos 1), Y (too, 1) Z(t, €, te0)) -

The anchor point to, can be chosen anywhere in the past or future.
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Extension to the joint (£, 5) system. The change of variables [Eq. 4.41]ex-
tends to the joint dynamics of { and log S in the presence of mean reversion. Under
(t,€) — (£,€) the correlated Wiener drivers transform as scalars with weight 1 in

di: dWE = e "t/2 qW¢ and dW; = e~ 1/2 dW#, both preserving the correlation p.

Substituting into [Eq. 4.34| together with £ dt = gdf gives

dlog§ = —LHEdl + \/RE(pdWE + /T = p2aWi),  H=He 2 (4.45)

That is, log S retains its classic-form Heston dynamics in the mean-reversion-free
variables with the coefficient H rescaled by e~ 2" exactly as required by scale

invariance: under [Eq. 4.41) the pair (#H,§) carries weight (—2,41), so HEdt is

invariant.
For a finite next touch at T > t, define

K 1

qx(t, T) = T 1’ ili}% qx(t,T) = T3 (4.46)
The transformed first-touch density has logarithmic state derivative
O log i (t,€) =+ — 4a(t. 7). (4.47)
Therefore the conditional joint process has drifts
Eld&|Tiouen =T, Ft] = (2 — 0 — k& — 2qx (¢, T)&) dt, (4.48)
Ao =D /(-0 - e D) 49)

These are state functions under the touch-conditioned measure, not averages over .
They reduce to the zero-mean-reversion formulae above when £ — 0. The terminal
conditional law of St and the joint bridge given both T and St are collected in
Appendix

In particular the never-touch Girsanov drift takes the mean-reversion-covariant
form

Eldlog S | Vi & > 0]—E[dlog S| = pVH (1-0) di = pv/H (1—-0) e~ di = pv/H (1-0) dt,
(4.50)

i.e. the drift on log S is invariant under |[kq. 4.41} as it must be for a scalar. Finite-

t~ conditioning is obtained by composing [Eq. 4.41| with the scale-invariant inver-

sion |liq. 4.33] yielding the mean-reverting analogue of [Eq. 4.3§

In calculating the Laplace transform for the distribution of the time elapsed
before returning to the boundary, first note that

A
A(t—to) — /{75 + 1) " .
‘ (Z(to,g;w
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Therefore,

—_ _ oo)\g _ 1 00797,2 LEO %
Pe(N) = /Oe dQ(z)_F(19)/O z Ve <z +1> dz

D(0-2 ) U(20k¢)
= =) : (4.51)

Here, U denotes the Tricomi confluent hypergeometric function. Performing an
expansion of this expression in the limit £ — 0 obtain

I'@-1)r(-0-2+1)
(1—0)r (-2)

Ge(Ngpo = 1+ (k)P +0()  (452)

Substituting this into the formula we can obtain the Laplace exponent

generator for the physical time process in the edge time

r@O—-1)r(-0-2+1) , ,
L(1—0)r (—2)

T(A) = lim &7 log e () = (4.53)
£—0

Note that unlike in the mean reversion case, the generator U(\) is regular at A = 0,

and, therefore, all the cumulants of the Levy process are finite.

Local time and boundary conditions

Since mean reversion does not contribute to drift near the boundary, it should also
not influence the class of equivalence of the measure associated with the process
and, therefore, the definition of edge time. As expected, we can select the stationary
martingale solution with the same asymptotic behavior as in the mean reversion-
free case. That is,

0+1
31(1—0)

1 3
=17 | el ="+ o

200+1
- Yoo, (454
=3 ), K€ , (4.54)

)
(179)%&& +

so that
0—
Lleo =& +0(9). (4.55)
Consequently, the asymptotic decompositions [Eq. 3.15] [Eq. 3.22] remain intact.
Neither changes in the first order the normalization factor in

0(1—16
=9 o). (4.56)
¢
This confirms that the edge time, indeed, does not depend on the mean reversion
level.
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Expected increase in edge time

Let us use the formula [Eq. 4.19| for the model with mean reversion:

tl
E[3t6;, = &) = / \Gtto, o)t

0
t’ —Z(go,to;t)
= / c ~di
w —T(0— )Y (£ t0)

__34/m et dz
- Te-1) éo (24 k€)' ! 2

er(t/—t) _q

re-1 _ k& )

) er(t/—t) _1

—T(0—1)

=&7° (1+ O (ko)) -

Here, we applied [Eq. 4.25| together with [Eq. 4.44] and [Eq. 4.43] and changed the
variable under the integral to

k&0

z = Z(t07€0;t) = m

Although integration cannot be performed in closed form, it can be approximated
as a power expansion over the mean reversion speed k.

4.1 Simulation

We propose to generate the process variable £ along with the edge time t by ex-

ploiting the joint-distribution decomposition of The scheme is exact
for ¢ and for the next-contact time; only the edge-time increment on a completed

excursion is approximated by its conditional expectation. Mean reversion is han-
dled exactly through the change of variables Let {tl}f\i o be a time grid
selected for simulation, with ¢ty pointing to the current time. We specify the simu-
lation state with the following variables:

o { =, - the value of the simulated process
e ¥, =1, - accrued edge time
o T, =infy-4,8¢,—0t - projected time of the next contact with the boundary

The simulation progresses as follows:
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e Start by setting Yo = 0 and generating Ty. According to this can be
done by generating z = Z (%o, o, To) via the gamma distribution of the order
1 — 0 and then inverting the formulae [Eq. 4.43] [Eq. 4.44}

1
To—to—i—log(@—i—l).
K z

This is the same as the central x? distribution of the dimension 2(1 — ) for
the variable 2z.

e IfT; 1 > t;, the excursion continues past t;. The projected boundary contact
time and the edge time both carry over:

T, =T, =T

The next value &; is generated from the conditional process. According
to [Eq. 4.33] this is the dual affine dynamics with the modified Feller pa-
rameter [Eq. 4.30| and no mean reversion, expressed in terms of the modified
variables:

~ 51 df ! ng 1
& = T Sl B t; = G RE
Y (T;,¢)| \dt Y (Ti, t:)]|
For k = 0 this reduces to g} =& /(T; — ;)% and t; = 1/(T; — t;); the modified
time interval is

1 1

5t — .
Tioi—t; Tio1i—tia

ti—ti1 =

The variable 2& /6t then follows a non-central x? distribution of dimension
20 and non-centrality parameter 2¢;_1/dt, which can be sampled exactly.

e Otherwise, if T;_1 < t;, the excursion starting at T;_; has completed before
t;. We first draw the last hit of the boundary in the interval (7;_1,¢;) from
the Dynkin-Lamperti arcsine law [Eq. A.2] working in the mean-reversion-

adjusted time of [Eq. 4.41

- —Ti,
V= ;7~1 ~ Beta(1 —6,0),
i —di1

from which u is recovered via t = e /k. Given u, the value ¢; is drawn from
the meander density at excursion age t; — u, i.e., the exponential
distribution of rate 1/(¢; — u) (or, equivalently for k # 0, a gamma variable
of shape one multiplied by the factor Y (t;,u) = 1 — e(“~%)). The edge
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time increment over (7;_1,u) is approximated by its conditional expecta-

tion [Fq A

=%+

ra-ere—-6) .~ \-¢
T(6)T(2 — 20) (#-T)

Finally, we generate the next contact in the same way as at the beginning of

the simulation: .
T, =1t; + —log (Hé‘Z —|—1> ,
K z

with z drawn from the gamma distribution of order 1 — 6.

Applications and Extensions
SDE in a covariant form

Instead of expressing SDEs in terms of standard Brownian processes, we prefer to
formulate them in terms of expected drifts and increments of quadratic variation
and covariation. While less explicit, this approach is independent of the choice of
random factors. For instance, in this format, the standard Heston model can be
formulated as follows

E[d¢] = (0 — k€)dt, E[dS] =0,
d(¢) = 2¢dt, d(S) = éSQHgdt, d (£, S) = VHSpgdt. (4.57)

This model can be trivially extended by a constant shift of the underlying variance
process

E[d¢] = (0 — k€)dt, E[dS] =0,

d(€) = 2¢dt, d(S)= <7;§ - B> S2dt, d(¢,8) = VHSpedt. (4.58)

This is the standard way to add calibration flexibility to the Heston model while
keeping it affine.

Heston Model with a Quasi-Rough Extension

For the purpose of this study, we ignore rates and dividends and model the asset
value S as a martingale process. The results can be trivially extended to include
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deterministic rates and proportional dividendsﬂ Consider the following pseudo-
rough extension of the process

E[d¢] = (0 — k€)dt, E[dS] =0,
E[dB] = (ap — Bz B) dt + (R — Ap B) dt,

d(S) =52 <<7;5 + B) dt + wsdr> ,

d(¢) = 2¢dt, d(¢,S) = VHSpedt,
d(B) = B*Wpdt, d(B,S)= BSN/VYpVYsdt. (4.59)

The drift of B has two absolute components («ap dt in physical time, N dt in edge
time) and two relative components (—8pB dt and —2pB dt); Vg, Yp, and 1 are
the rough contributions to (S), (B), and the correlation between them respectively.
The absolute coefficients must be non-negative, ap > 0 and Rp > 0, to prevent
B from becoming negative. The relative coefficients Sp,2p are unrestricted in
sign individually, but their combined mean-reversion contribution Spdt + g dt
should be positive on average to preserve process stability. For fixed edge-time
increments, the smooth physical-time drift is propagated exactly rather than with
Euler discretization. Starting from B, at t,, it gives

B(ty) = e Peth—ta B, 4 Z—B (1 - e—ﬁB“b—ta)) . (B >0), (4.60)
B

with the continuous limit B(ty) = By + ap(ty — ta) when g = 0. In the extreme

infinite edge-reversion model, the edge-time dynamics pin B to its edge-clock equi-

librium Yp = Np/2Ap after the last touch toy. The value at the next fixing is

therefore obtained exactly from with B, = VY and t, = tout:

B(tnexs) = e PB(ei—tow)y p | 2B (1 = e*ﬁB(tmt*tom)> . (4.61)
BB

For the rough contribution to exist, the boundary must be attainable, which con-

strains the choice of 0 to the interval between 0 and 1. In this settings fair variances

can be calculated in closed form, which is essential for handling VIX options. The

approach can be further extended by allowing for more general relations between

the & process and equity volatility. However, this would complicate the handling
of VIX products.

Simulation To describe the simulation, we formulate the model in traditional
SDE form. For this purpose we need two types of Wiener drivers: Wf , W2 in the

2Proportionality does not preclude discreteness.
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physical time, and W3, WtS in the edge time, such that
a(We) = a(We) =dt, a(WF)=d(Ws) =an.

The method of simulating the edge time t is described in [subsection 4.1l The
processes in [Eq. 4.59 can be expressed in terms of those Wiener drivers as follows:

dé = (0 — kE) dt + /26 dW?,
dB = (ap — 8 B)dt + (R — Ap B) dt + B\/Vg dW 5,

s =S (, / %g + BdW? +/Vg de) : (4.62)

Then the correlation between the Wiener drivers must be

a(WEWE) = —L_ar, a (WP W) =ndr (4.63)

1+ 37

Discretization ordering Because S is correlated with £ through the p chan-
nel, the touch-time / meander sampler for £ cannot be paired with an independent
unconditional Euler step for S. The current scheme generates &;+1 first and then
uses the sampled A¢ in the correlated term of the physical-time log-S increment.
The H channel is applied on every step, including a touch-completing step. This
is the required local conditioning structure, but it does not by itself establish that
the full joint transition is martingale preserving. A stable numerical martingale
bias requires the endpoint-normalized joint bridge described in Appendix the
present stepwise asset transition should therefore be treated as an approximation
pending that construction.

Hybrid Pseudo-Rough Reciprocal Affine Model

We combine the calendar-time Heston contribution with a reciprocal affine volatil-
ity state ( whose diffusion runs only in the rough clock. The hybrid model retains
reciprocal contributions to asset variance in both calendar time and rough time.
This separates roughness of volatility from roughness of the asset itself and per-
mits their strengths to be tested jointly. Setting either asset weight to zero gives
a nested specialization: in particular, the calendar-only asset has absolutely con-
tinuous quadratic variation while its variance still depends on a rough-clock state.
The earlier rough-asset reciprocal specification is also retained as a special case.
The state & generates the normalized edge clock ¥, as in [subsection 4.1] This

clock is continuous, nondecreasing, finite on finite calendar horizons, and increases
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only when & = 0. The parameters 6 and 9 are the normalized Feller characteris-
tics of £ and (, respectively, under domestic cash. The Heston coefficient H and
correlation p retain their meaning from ; ‘H is distinct from a Hurst exponent.

All coefficients below are constant. The Greek coefficients o and S govern
calendar drift of ¢; 2 governs its rough linear drift, and ¥, is its rough diffusion
variance coefficient. Nonnegative weights c. and ¥g specify the calendar and rough
reciprocal contributions to asset variance. The subscripts on Wg and ¥, distinguish
the stock and reciprocal-state rough variance coefficients. The correlation 1 couples
the rough shocks of ( and S and is relevant only when ¥g > 0. We use a discounted
asset, with deterministic rates and dividends suppressed, and write Eq[dX] for its
local drift characteristic under the domestic cash measure Q9.

Eq[d¢] = (0 — k§) dt,
Eqld¢] = (o — BC) dt + (599 — 2C) b,
Ed[ds] - 07
d(§) = 2¢ dt,
d(C) = Y (ar, (1.64)
H Ce Vg
d(S) = S* [(25 - C) dt + er} ,

d<€7 S> = pS\/ﬁEdt

(¢, S) = NS\/Vc Vs dr,
d(¢,¢) = 0.

The calendar reciprocal stock shock is independent of the Heston and reciprocal-
state drivers. Calendar and edge-time martingale brackets are mutually singular,
so this shock introduces no additional instantaneous covariation with (. The two
rough diffusion amplitudes are S \/ Vg /¢ and \/ V¢, giving the last nonzero covari-
ation above. The correlation of 1/¢ with the rough stock shock has sign opposite
to 0.

Calendar-time and rough-time asset specializations. The calendar-
time stock model has ¢, =1 and Wg = 0:

1) <Z§ + 2) dt, (¢, S) =0 (4.65)

Here volatility has a rough-clock component, but asset quadratic variation is abso-
lutely continuous in calendar time. Reciprocal stock variance continues to accumu-
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late during excursions on which the edge clock is flat. The parameter 13 disappears,
and no reciprocal conditional stock-return tilt is required. There remains depen-
dence through ¢ and the clock it generates; zero instantaneous covariation does not
imply independence of future returns and volatility.

The original rough-asset model is the specialization ¢. = 0, ¥g = 1 in its
chosen numerical time and state units. Its simulation is retained in Appendix
the separate calendar-time stock implementation is described in Appendix [G} The
hybrid specification allows both weights to be positive.

Units must be fixed before transferring parameter values between these spe-
cializations. If calendar time has dimension T and [¥] = T"'~%, the normalization
c. = 1 gives

El=K=T [o=1, [K=B=T" [H=T"7

[cc] =1, Ws] = [V¢] = 70, ] = 7—(1-6) (4.66)

Thus Wg = 1 in this normalization denotes a unit-bearing reference coefficient. In
the original rough-asset normalization, where that coefficient is dimensionless, [(] =
T instead. Raw fitted reciprocal parameters cannot be transferred between the
two models without the corresponding change of units and variance normalization.
When ¢, > 0, rescaling ¢ (including (o), «, V¢, and ¥g by 1/c. sets ¢ = 1,
avoiding a redundant fitted scale. The rough absolute drift ® = ¥¢9/2, when
specified independently, must be rescaled by the same factor. With ¢, = 1, the
normalized hybrid stock variance is

as) _(H, 1 Ys
SQ—<2§+C>dt+Cdt.

Calibration must nevertheless retain the pure-rough stock benchmark. After
fixing common numerical time and state units, the transformation

(<Oaa7N7vawS) — )‘(C()aaa N,\’)C,\‘US), A > Oa (467)

with 3, 1, and all clock and Heston parameters unchanged, scales the entire recip-
rocal state by A while preserving the rough stock channel and its correlation. At
fixed ¢, = 1, its calendar reciprocal variance contribution is instead divided by A.
Thus the stock law of the pure-rough reciprocal model is approached as A — oo in
the positive-state regime; it is a boundary limit of the normalized family, not an
exact finite-parameter submodel with ¢, = 1. Keeping ¢, = 0 explicitly available
provides the exact benchmark, and finite parameter bounds must not inadvertently
rule out its approximation. Fit comparisons require the same quotes, objective, and
numerical accuracy; this extension neither guarantees a strict improvement nor en-
sures that a local optimizer finds the boundary regime. Low-6 profiles must also
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remain admissible: for example, § = 0.05 gives nominal H = (1—6)/2 = 0.475, but
this near-Brownian scaling alone does not make the clock deterministic or establish
a global calendar-time 3/2 limit.

Cash and asset numeraires. Write Q' for the foreign /asset-numeraire mea-
sure, with S interpreted as the value of the foreign numeraire in domestic cash.
Localizing before any singular boundary, the density S/Sy gives

Ee[dX] = Eq[dX] + d”g S). (4.68)
Consequently, for ¥ > 0,
E¢ld(] = (o — BC) dt + (399 + 0 /Y Vg — 2C) &b (4.60)

= (o — BC) dt + (3¥c0 — AC) b,

v
dg =10,  Op=19+2m0, 2. (4.70)
Ve

The plus sign reflects the convention that ¥ correlates the inverse-variance state ¢
with the rough stock shock. The calendar weight ¢, produces no direct Feller shift.
In particular, the two local reciprocal Feller characteristics coincide when ¥g = 0.
The clock state nevertheless has foreign drift

where

Eelde] = [0 — (r — p\/ﬁ)g} dt. (4.71)

Thus the measure change leaves 6 unchanged but changes the law of future clock
increments. Even when the reciprocal Feller characteristics coincide, the marginal
laws of ¢ need not agree under the two measures.

Admissibility under both numeraires. For the positive rough-diffusion
case we select the interior regime

0<0<1, k>0, g > 1, g > 1,
a>0, Ve >0, H>0, e, Vs >0, Ip| < 1, m <1, (4.72)
5020, C0>07 SU>0

Equivalently, the reciprocal restrictions are

19>max{1, 1-2n \')S} (4.73)
| e
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The clock state can reach zero while the reciprocal state avoids zero under both
local numeraire dynamics. The nonnegative calendar intercept prevents calendar
drift from driving ¢ through zero while the clock is flat. Finite signed 8 and 21 are
allowed by positivity; positive values give mean reversion in their respective clocks.
The rough CIR nonattainment threshold itself is a Feller characteristic at least one;
the strict bounds select an interior regime with finite first inverse moments for the
rough affine transitions. These local boundary restrictions are not, by themselves,
a proof of the global martingale property of the full hybrid asset. The distinction
is discussed for the ordinary 3/2 model in [14].
Locally to this section, write N for the rough absolute drift:

28 2(R + 10,/ UV
N=1lvw, g oy = 2 ¥s) (4.74)

v f v
For W, > 0, one can specify either ¥ or N, with the other derived. The zero-
diffusion, positive-rough-drift limit below instead keeps Y fixed while ¥, | 0 and
¥ = 2R /¥ 1 00; no finite reciprocal Feller parameter describes that limit.
The boundary restrictions can also be imposed directly on drift and diffusion,
without dividing by ¥,:

M>V,  2(R+0/YVs) > V. (4.75)

For positive diffusion, strict inequalities select the finite-first-inverse-moment regime.
In the calendar-stock specialization Wg = 0 they reduce to the single condition
2R > ¥, When Y, = 0, any N > 0 is allowed with a positive initial state and
nonnegative calendar intercept; the Feller ratio is unnecessary. Fitting N and ¥
independently therefore includes a positive rough drift with zero diffusion, whereas
fixing finite ¢ ties both strengths together. Both Y and ¥: have dimension 1Y
under the calendar-stock normalization.

Boundary events and currency devaluation. If a reciprocal characteris-
tic is below one, zero is attainable for the corresponding rough affine diffusion. In
the two-clock system one must also account for calendar drift and the rough time
available on the chosen horizon. For an asset boundary the relevant accumulated

variance is . >
H Ce ts
&+ > ds + ws/ —=. 4.76
/0 <2 Cs 0 gs ( )

When V¥Yg > 0, divergence of the inverse-state rough integral at the rough affine
zero boundary gives the original devaluation mechanism: under domestic cash
the stochastic exponential tends to zero, whereas the corresponding event for 1/5
under the foreign numeraire describes devaluation of domestic cash. The latter is
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not explosion of a nonnegative domestic local martingale under its own measure.
Foreign boundary events can instead signal loss of mass and a strict domestic local
martingale; see [I5]. When ¥g = 0, divergence of an unused rough integral does
not settle the asset boundary behavior. The calendar inverse-state integral and
any continuation through ¢ = 0 must then be examined separately. The interior
restrictions above avoid this issue in the model used here.

Leverage and clock activity. Consider the calendar-time stock specializa-
tion , with p < 0, 8 > 0, o/ small, and little or no rough mean reversion
2. A negative stock innovation through the Heston leverage channel tends to raise
¢, delaying the next boundary touch. During the ensuing flat clock interval, the
calendar drift draws ( towards a small level, so its reciprocal variance increases
while its rough-clock activity is suppressed. The Heston variance contribution also
increases with &. A positive correlated innovation has the opposite tendency: &
falls, future touches become more likely, and the positive rough intercept pushes
¢ upwards. This can lower reciprocal variance while making rough fluctuations
more prominent. These are conditional leverage tendencies, not pathwise rules for
every stock return; independent stock shocks and the current reciprocal state also
matter.
The inverse-state drift makes the local drift conditions explicit:

_ (B Ye(1 - 9/2)
Eqld(1/Q)] <C C2> dt + L_ + e dr. (4.77)
For o =2 = 0, the calendar drift raises reciprocal variance, while the local rough
drift lowers it when 9 > 2. Merely imposing a positive rough drift of ¢ is insufficient:
the inverse transformation has an It6 correction. At 1 < ¢ < 2 that correction
reverses the sign of the rough inverse-state drift. Neither sign alone orders total
volatility-of-volatility. Indeed, for V' = H¢/2 + 1/¢ in this specialization,

avy =8 g Y g (4.78)

2 ¢

An especially simple example retains only proportional calendar drift and con-
stant rough drift, with no reciprocal diffusion:

N
d¢ = —p¢dt + Xar, d(1/¢) = é dt — a 5 dt, B,N > 0. (4.79)
The explicit solution is
¢
G =e Pl 4N / e P vy > 0. (4.80)
to
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It produces smooth growth of reciprocal variance between touches and clock-driven
reductions when touches resume. This limit remains random and can have singular,
locally irregular changes, but ¢ and 1/¢ are continuous finite-variation processes
with zero quadratic variation. Their randomness comes entirely from the clock.
The (1 — 6)/2 nominal scaling of a Brownian motion evaluated at rough time
therefore does not carry over unchanged: a pure clock drift instead has the clock’s
own 1 — 6 boundary scaling. In either construction, a change in clock activity at
fixed 0 is not a change of the structural clock exponent; it changes the prominence
of irregular behavior over an observation window.

Empirical motivation and its limits. There is empirical support for the
qualitative association of lower volatility with greater roughness, and market dis-
tress with less roughness. Gatheral, Jaisson, and Rosenbaum [2, Section 2.6] split
their realized-variance sample into two halves and observe higher estimated Hurst
exponents in the half containing the financial crisis, although estimates remain in
the rough range 0.06-0.20. Bennedsen, Lunde, and Pakkanen [3, Section 5.1.1 and
Figure 3| study E-mini S&P 500 data from 2005-2014 using noise-robust rolling
estimates of volatility roughness. They find periods of greater smoothness during
the 20072008 financial crisis and the 2011 Greek debt crisis. Their estimates use
approximately 150-day windows and support a broad regime association, with the
authors cautioning against definitive conclusions from a single time series.

Evidence from option prices points in the same direction. Rgmer [4], Section 4.1]
calibrates to SPX options over 2004-2019 and reports positive correlations between
the fitted Hurst exponent and VIX: 0.51 for rough Bergomi and 0.10 for rough
Heston. Higher Hurst exponents mean smoother volatility. The calibration result
is model dependent, however: the fractional kernel makes its Hurst parameter also
absorb aspects of mean reversion at longer horizons.

These findings motivate the regime dependence of the hybrid model; they do
not establish that a positive return directly causes greater roughness, nor that
roughness disappears during drawdowns. The proposed clock mechanism is one
possible explanation whose strength must be checked against regime-conditioned
volatility increments and option surfaces. In particular, the drift-only limit is a dis-
tinct hypothesis, not a consequence of the empirical studies. The full hybrid model
retains a direct rough stock channel with ¥g > 0 alongside calendar stock variance;
the restriction ¥g = 0 supplies a nested benchmark for testing its contribution.
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Conditional forward variance. For a window of length At, define the ide-
alized conditional variance-swap quantity

t+At t+At d
gEt / €5 ds + coFy / il
t t

Cs
t+At dt
+ ‘US]Et / S] )
t Cs

VIX;] 1
1002 At

(4.81)

with times measured in years and At = 30/365 for the usual window. The condi-
tional Heston area is explicit:

t+At o —kAt 1— —KkAL
E, / fods— ¢ g <At - e) : (4.82)
t

K

with limit &At+60At?/2 at k = 0. When Wg = 0, freezing ¢ over the window adds
¢e/Ct to the annualized Heston variance estimate. The shift is the inverse state,
not 1/9. This is an approximation to the calendar inverse-state expectation, not
an exact VIX formula; future rough state dynamics and inverse-state convexity
remain relevant.

Scale-Covariant Reciprocal Model (experimental)

As a separate modeling option, set p = 1/(1 — ) and normalize the discounted
asset to Sy = 1. The proposed domestic local characteristics are

Eqld¢] = (0 — ka¢ 7€) dt, d(€) = 2€ dt,

Eq[d¢] = (90 — R'"7¢) db, d(¢) = 2¢ dr,

Eq[dS] = 0, d(§,¢) =0,

d(S) ” (4.83)
7 =X dt+ — : d

<S O pvasecran, M58 _pysean

S

Both covariance coefficients ¥ and ¥ = ¥ are dimensionless; X is a variance coefli-
cient, not a volatility. Here ¥ scales the rough stock channel, while the reciprocal-
state quadratic variation has coefficient two. The two stock channels have correla-
tions p with £ and ¥ = 1 with (. Since ( is an inverse-variance state, positive 1
corresponds to negative stock/volatility-level correlation in the rough channel.
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Units and the two numeraires. This version uses
€] =T, C=r=7"" N =7"" (4.84)

The parameters 0, k, 9, 2, ¥, p, D are dimensionless. Locally to this subsection, N is
a positive calendar rate, rather than the rough absolute drift used in the preceding
model. The localized drift change (4.68) gives

Kt = Kq — pV 2%, P = g + NV2V. (485)

The other coefficients are unchanged. For the inverse asset under the foreign nu-
meraire, both correlations reverse sign, making this parameter map involutive.

The numerical experiment selects §, > 0, (o > 0, X > 0, nonnegative vari-
ance coefficients, correlations in [—1, 1], positive domestic and foreign reversion
coeflicients, and

0<6<1, ¥q > 2p + max{0, —NV2V}. (4.86)

The last condition is stronger than Feller nonattainment. For a CIR state at
deterministic edge time, the stationary inverse moment is (R'=9)"T'(¢ — r)/T'(¥9)
for r < 9. Thus the restriction makes the stationary edge-time marginal moment
of order 2p finite under both parameter sets. It does not establish calendar-time
integrability of £( =2 or a true-martingale density for the coupled model.

Simulation and observable-state normalization. The reversion coordi-
nate is accumulated along each path:

t
A= kel m= / s ds. (4.87)
0

While the rough clock is flat, ¢ and A are constant. For G ~ I'(1 — 6,1), the

retained next-contact coordinate satisfies Thjy — 7v = log(1 + M\&;/G). The scheme

keeps this coordinate across no-contact steps, uses its conditional endpoint law, and

advances ( through an approximate intrinsic boundary increment when contacts

occur. That increment uses a conditional bridge mean and Jacobi quadrature; it

is not an exact draw of the local-time path. Calendar substeps also bound AAt.
Stock endpoint factors use a noncentral-Gamma cumulant

vb
1—sb’

K(b) = —alog(1 — sb) + sb < 1. (4.88)

The multiplier exp(bX — K (b)) has unit mean under the law defining K, with its
slope selected to match a frozen-step foreign first moment. For the calendar factor,

Gregory Pelts cryptorado.ai/rough-diffusion 49


https://cryptorado.ai/rough-diffusion

the cumulant parameters must be those of the CIR endpoint conditional on the

current observable state:
1— e—)\At

a=0, s$=—— v = e M (4.89)

The internally sampled future contact is not part of the financial filtration. Nor-
malizing instead under its conditional bridge law incorrectly removes the asset
weighting of contact probabilities, even when the sample asset mean remains close
to one. The implemented observable-state normalization fixes this demonstrated
error; a first-contact survival test under the foreign drift verifies the change as
the grid is refined. The reciprocal factor uses the rough-time CIR endpoint law.
Residual stock shocks are normalized lognormal factors with expected integrated
variance and Gaussian antithetics.

The implementation remains a finite-step approximation to the joint model.
Neither the survival check nor asset-mean tests prove convergence of the full coupled
process or its global continuous-time martingale property. Historical fits reported
by another working copy are not adopted as verified evidence: their checkpoints
and market observations were not supplied, and the normalization repair changes
the simulator. The new module and notebook are kept separate, reuse the existing
volume-aware calibration objective and interruption/checkpoint hooks, and retain
ThetaData as the default market source. Bloomberg is an optional adapter. CPU
and the existing ROCm GPU path remain supported; PyTorch exposes both ROCm
and NVIDIA devices through its CUDA API. Further implementation details and
validation are recorded in scale_covariant_reciprocal_model.md.

Exponential rough-volatility model (experimental)

The confirmed model retains the boundary-state factor. Let p = (1 —6)71, 0 <
0 < 1, and use a forward-normalized stock. Its domestic characteristics are

V= 572000 g,
Eqlde, | Fi] = (9 - ﬁdgtekft/%;p) dt, d(e), = 2, dt,
Eqld¢, | F] = (19 - Nl—"g) d,, d(C)y = 2¢, dby,
EaldS: | 7] = 0, d(§, ()¢ =0,
Cl(*?f” = pV2B &2 (P dt, d(S,¢) = 0. (4.90)

Stock diffusion uses calendar time. The reciprocal state evolves on boundary time
t, supported on {{ = 0}, and affects future variance. The dimensions are

=T, [J=0=T"" WN=R=T" [S=k=[=W=[=1
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Thus A¢ is dimensionless and ¥ is a variance coefficient. The fixed selector xi_power=1
identifies this default, rather than a physical calibration parameter.

Numeraire closure and boundary behavior. Matching covariance and
nonlinear reversion gives the localized map

Kf = R4 — pV 23, (4.91)

The inverse stock reverses p, with other coefficients unchanged. Since | lie,—oydt =
0, calendar and boundary time are mutually singular. Stock quadratic variation
has zero cross variation with the rough reciprocal martingale; ¥ has no numeraire
shift.

Validation requires £, > 0, (o > 0, ¥ > 0, 8 > 0, A > 0, |p| < 1, nonnegative
domestic and foreign reversion, and ¢ > 2p. The last bound makes the station-
ary rough-time marginal inverse moment of order 2p finite, without establishing
calendar-time joint variance integrability or continuous stock martingality.

For frozen positive ( and ¢ = k("P > 0, the stationary density is

2
m(z) oc 2% Lexp {—; (e/\x/Q — 1)] , A>0. (4.92)

At A = 0 it is Gamma with shape 6 and rate c¢. Positive A strengthens large-
state reversion while preserving the drift intercept 6. The accessible boundary is
instantaneously reflecting, with local clock exponent 1 — 6, rather than absorbing.
Negative foreign reversion and A > 0 permit finite-time explosion even with frozen
(. Nonnegative reversion excludes that mechanism without settling the full coupled
model.

The state factor masks direct rough variance. Every rough-clock Ito
term in V vanishes because £ = 0 on the clock’s support. Consequently,

d(V)e =257 P&e™ (14 M)  dt. (4.93)

The rough state still changes later excursion amplitudes and conditional variance.
The exponential amplifies calendar fluctuations at high &, without altering the
boundary exponent or restoring direct rough instantaneous variance.

For comparison only, xi_power=0 selects

VO = s, Bafdg | B = (8- ka /€2 dt.

Its covariance is p/25€ e*$/2¢"P/2dt, with the same map, and its direct rough
variation survives:

(0) 22
AV oxze,ar+ 2,
(‘4(0))2 Ct
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This comparison requires ¥ > p, changes reversion and the reciprocal exponent,
and is not the confirmed default.

Optional calendar mean reversion of the reciprocal state. An addi-
tional extension keeps the stock variance and all quadratic variations above, while
replacing only the reciprocal drift by

EaldC: | Fi] = (o — BC)dt + (0 — X700 dvy,  d(C)y = 2¢; dby. (4.94)

Here o, 8 > 0, [a] = T~% and [8] = T~!. The choice @ = 3 = 0 recovers the
boundary-time-only reciprocal dynamics. For 5 > 0, the calendar subflow reverts
towards «/f; from a positive starting state its exact solution is

By (2) = e Pzt a(l —e P8, B>0, (4.95)
T 2+ am, 8=0. ‘

This map preserves positivity at every finite h > 0 and needs no floor. The source
term can be evaluated with expml to retain accuracy near Sh = 0. The separate
implementation surrounds the original fresh-touch and rough CIR step with two cal-
endar ¢ half-flows. It still requires grid refinement; exactness of a subflow is not ex-
actness of the coupled transition. Stock factors retain variance from the original ob-
servable pre-step states. Its module is py/rough_exponential_vol_smooth_zeta.
py, with separate adapter py/rough_exponential_vol_smooth_zeta_calibration.
py.

The new calendar term has finite variation. It therefore adds no covariance with
the stock and no numeraire shift to o or §; the map remains unchanged.
The rough quadratic-variation term in V remains masked by & = 0. Calendar
movement of ( does, however, contribute the smooth finite-variation term

a— BG
2 dt.

avi| ~2pV;

calendar ¢ =
Equation is consequently unchanged. The rough-time Gamma law describes
the rough CIR subflow, rather than the stationary law of the full calendar-drift
extension. Its moment restriction does not establish joint calendar-time integra-
bility. This extension is a separate model choice; calibration and validation of the
original model do not validate its additional drift.

Deterministic flows and fresh splitting. Freeze (, put ¢ = k(P and
a = \/2, and solve & = —cze®. For a > 0, the default flow satisfies

Ey(aDy(x)) = Ei(az) + ch, Ei(2) = /OO e’ du. (4.96)

u
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At a = 0, Dy(x) = ze~°". Positive states remain positive at every finite substep;
zero remains zero. Stable integrated-clock inverses require no state floor.

The default state scheme applies a drift half-step with current (, a fresh full
transition for dé = 0dt + /26 dW, a reciprocal CIR update on the approximate
boundary clock, and a drift half-step with the new (. Symmetry alone does not
prove second-order convergence of the full singular-clock, stock and variance ap-
proximation.

From diffusion starting value &, the contact draw is H = £/G, G ~T'(1 -6, 1),
used only for that transition. A prior forecast is not retained after nonlinear drift
changes the state. The endpoint marginal is exact in ideal arithmetic. From zero
it is hI'(0,1) > 0 almost surely, and the final default half-flow preserves positivity.
The clock increment replaces random bridge local time by a conditional mean;
its full law and joint law with the endpoint remain approximate. The reciprocal
transition uses that approximate clock.

For the optional literal branch, ¢ = k(?/? and & = —c\/ze®®. With F,(z) =

/7 /aerf(y/az) for a > 0,
F,(Dp(x)) = max{F,(x) — ch,0}.

The deterministic extinction time is Fy(z)/c; at a = 0 the flow is max{\/z —
ch/2,0}2. This branch puts the full drift before fresh diffusion, avoiding an artificial
zero atom at the final endpoint.

A formal default integrating-factor alternative would use

t ~ ~
K, = / kN2 s, & = el dt = et dt.
0

This clock is path-dependent. The literal rate instead contains 5;1/26)‘55/2@_7’/2,
singular near zero. Global finiteness and boundary behavior need justification.
Neither branch implements an integrating-factor sampler; both use fresh splits.

Predictable stock factors and conditional VIX. The stock multiplier
uses observable pre-step states:

V; = V(fi, Q)h,, S;+1 = exp [_;Ui + \/Uz (pZi + vV 1— p2 ZZJ‘):| . (497)
(2

The shared Gaussian is independent of touch/Beta priors, and the residual Gaus-

sian is independent. This gives conditional mean one in exact arithmetic without

normalization under a hidden future contact. Sharing an endpoint Gaussian still

only approximates continuous joint dynamics. Discrete martingality does not prove

continuous martingality, numeraire duality or clock convergence. Grid refinement
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and independent seeds remain necessary; antithetic errors use independent quartet
means.
For a calendar window A, the confirmed model defines

1 t+A
Ma(&,¢) = ZEd [/ Eﬁue&“’(;gp du
¢

]—'t}, VIX; = 100y/Ma (&, G).-

(4.98)
Both future states evolve in this expectation: rough-state effects survive instan-
taneous magking at contact. Freezing ¢ or inserting an affine-Heston expectation
defines a different proxy. The helper uses nested simulation with A = 30/365 years
by default. Its inner mean targets the finite-grid split model; a square root intro-

duces finite-inner-sample Jensen bias: E[\/ﬁ | ¢,¢] < VM for an unbiased inner
estimate. The option-price bias has no universal sign. Check inner path counts,
grids and independent seeds before interpreting VIX prices. Convex variance and
faster reversion do not guarantee positive VIX implied skew or a joint SPX/VIX
fit.

The implementation is py/rough_exponential_vol.py, with adapter py/rough_
exponential_vol_calibration.py and notebook py/example_exponential_rough_
vol_calibration.ipynb. Primary references are Baldeaux and Badran’s nonlin-
ear pure-diffusion VIX example, |Alos, Garcia-Lorite and Muguruza’s VIX skew
analysis, and Mijatovi¢ and Urusov’s diffusion martingale criterial. These motivate
the experiment and its checks; they do not establish its coupled mathematical or
calibration properties.

Reciprocal affine dynamics in a mixed clock

An alternative separates the generation of operational time from the stock and
volatility dynamics. The affine state £ generates the canonical boundary clock ?,
and both the discounted stock and its reciprocal volatility state { run in the same
mixed clock

Tt — t+ tht, WT Z 0. (499)

For calibration, ¢ denotes our normalized business time. A quoted calendar matu-
rity 7' maps to t = b(T") through a deterministic activity clock. Weekends and full-
day NYSE holidays receive a rate approximately 0.103214 times the weekday rate,
and a common normalization makes the mean rate over the full year equal to one.
The current implementation uses the 2026 NYSE holiday calendar. Longer-expiry
experiments extend the published holiday calendar through 2027 while retaining
the same 2026 normalization and all earlier clock values. Both the affine clock
generator and the reciprocal stock and volatility simulation use this business time.
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Quoted option maturity T, carry, discount factors and displayed implied volatility
retain their calendar-time conventions.

The coefficient of business time is fixed at one. The Brownian pair driving the
stock and reciprocal state in operational time is independent of the affine clock
driver. Thus the clock can be generated first, before the reciprocal stock model is
simulated on its path-dependent 7 grid.

Here p denotes the correlation of stock returns and variance, rather than the
correlation with the inverse-variance state. In particular, negative p represents neg-
ative volatility—stock correlation, while the correlation of { and stock innovations
is —p. The complete drift and covariance specification is

Eqd¢] = (0 — w€) dt, d(§) = 2¢dt,
dr = dt + v, dt, Eq[dS] = 0,
Eq[d¢] = (5%¢9 —3C) dr,  d(¢) = We(dr, (4.100)
d(S) = S;dT, d(¢,S) = —pS\/VYc dr,
(&, ¢) =0, £, 8) = 0.

In business-time coordinates, the same reciprocal state controls both stock vari-
ance contributions: S2¢~'dt and S?¥.¢~!dt. There is no separate Heston stock
component or additional stock clock. The parameters ¥, and ¥, distinguish clock
mixing from reciprocal-state diffusion.

The clock requires 0 < 8 < 1, k > 0 and & > 0. For the reciprocal model
take (o > 0, ¥¢ > 0,2 > 0 and [p| < 1. Its cash and stock-numeraire Feller
characteristics are

Ja =0, = — L (4.101)
a3
Nonattainment of zero requires the corresponding characteristic to be at least one.
The implementation uses strict inequalities above one, also ensuring finite first
inverse-state moments. The clock law is unchanged under the stock numeraire:
conditioning on the independent, finite clock preserves the true-martingale prop-
erty of the underlying reciprocal stock model. Introducing instantaneous stock—¢
correlation would require a different joint simulation and numeraire adjustment.
For V' = 1/(, Itd’s formula gives the familiar reciprocal, or 3/2, variance dy-
namics in operational time:

Eq[dV] = [aV + ¥ (1 = 39) V2] dr,  d(V) =vw V?dr. (4.102)
The usual stabilizing quadratic variance drift requires 4 > 2 and 2 > 0, which
is stronger than boundary nonattainment. At ¥, = 0 the model reduces to the

ordinary smooth reciprocal model run in business time and is independent of the
affine clock parameters.
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Dimensions and simulation. The states £ and (, and clocks ¢ and 7, have
time dimension one; t has time dimension 1 — 0. Thus &, ~ time™!, ¥, ~ time?,
while 0,7, p, ¥ are dimensionless. The quantity wi/ % is a time scale. Calibration
may use V; /tfef to expose a dimensionless mixing strength at a fixed reference
maturity expressed in business time.

First build the calendar grid, retaining quoted maturities, and map its points
T; to t; = b(T;), integrating the piecewise business-clock rates exactly. Generate
a bank of (&;,%;) on this internal business-time grid. With nonzero «, the trans-
formed squared-Bessel boundary measure must be weighted back to the intrinsic
CIR boundary clock; accumulating unweighted increments in absolute transformed
time produces a different clock. The implementation uses local transformed steps
and the positive Jacobi bridge weighting, bounding At by subdivision. Clock
endpoints use the exact affine transition law, while boundary-clock increments re-
place the conditional bridge local time by its conditional mean. This retains the
existing sampled-touch approximation and does not claim to sample the complete
local-time distribution.

Next form 7; = t; + ¥,3;. In a separate seeded random phase, simulate ¢ with
exact CIR endpoints over Ar;, subdividing operational increments when needed.
The endpoint-normalized stock return factor of Appendix [F] applies to this pure
operational-time CIR transition, without aggregating different business-time and
rough drift coefficients. Its analytic normalizer enforces the discrete stock mar-
tingale identity and matches the foreign first state moment. The remaining stock
normal is integrated analytically, with a corrected residual variance. Conditional
on the initial state and operational step, write R((;) for that normalized endpoint
factor and Vi = Eq OAT ¢, ldu]. The separate bridge-variance numerical variant
uses

L= Ed[_2 log R(CI)L Vies = Viair — L = Viair + 2Eq [log R(Cl)]v

S1

Si = R(Cl) exp (_%V;es + VvV Vies Z) ) Z ~ N(O, 1),
0

(4.103)

where Z is independent of the reciprocal endpoint. The earlier choice (1 — p2)‘/fair
accounts only for the orthogonal stock Brownian driver and omits fluctuations of
the correlated Brownian bridge at a finite step. The correction preserves the dis-
crete martingale identity and foreign first state moment, and enforces the expected
log-contract identity

Eq[—210g(S1/50)] = Viair

to the accuracy of the fair-variance quadrature. This is expected log-contract
variance, not the variance of the terminal log return. It does not reproduce the
exact conditional bridge distribution.
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For variance-stock correlation p < 0, the normalized exponential tilt with
foreign-mean matching satisfies 0 < L < p*Vgair; hence Vies > (1 — p?)Viair > 0.
The corrected numerical variant explicitly restricts pricing to this correlation range.
The theoretical dynamics above still permit both signs, subject to their Feller con-
ditions. Exact state endpoints, normalization and this log-contract identity do not
make the joint stock transition exact; business-grid and operational-grid refinement
remain necessary. Market-delta control variates use fixed market inputs, leave the
raw stock forward untouched, and enforce the estimated put—call parity identity.

Independent state drift in the two clocks. The same covariance speci-
fication also permits a more flexible drift for (. Retain the compulsory Feller-one
drift in the diffusion clock, then add independent constant and proportional terms:

Eqld¢] = 3Wedr + (0 — B) dt + (N—20) dt,  dr=dt+v,dv.  (4.104)

Here the compulsory characteristic is fixed at one. The excess constants «, X deter-
mine the additional boundary repulsion, independently of the reversion coefficients
8,2. Both stock and state quadratic variations still use 7, while the state drift has
additional dependence on the separate clocks. The previous model is recovered by
setting a = %\’)4(19 — 1), N =V;q, § equal to the previous operational reversion
rate, and 2 = V..

The dimensions are o ~ 1, 8 ~ time™!, N ~ time? and 2 ~ time’~'. When
V., > 0, the separate cash Feller characteristics are

z?t:1+2—a, th =1+ 2N.

V¢ Vv,

The boundary conditions are best enforced without division: the cash excesses a, N

and stock-numeraire excesses a — py/V¢, N — p,/Yc¥, must be nonnegative. For

the negative variance-stock correlation used here, nonnegative cash excesses also

satisfy the stock conditions. The stock-numeraire map changes these constants

and reverses the correlation sign; it leaves the reversion coefficients and clock law

unchanged. At W, = 0, rough drift may still act on ¢ although stock and state
innovations use business time.

The Feller-one floor prevents zero attainment. It does not by itself ensure finite
inverse-state expectations. The current fair-variance-based simulator therefore re-
quires positive excess drift in each stochastic clock. Stabilizing negative quadratic
drift for 1/¢ is stronger again, requiring a > ¥¢/2 and, when the rough diffusion
is present, N > VYV, /2.

On a small calendar slab, freeze the ratio of its two clock increments. The
aggregated CIR transition then has operational duration A7 and coefficients

2(aAt + NAYR) BAt + AR
o = e T2 4.1
\UC AT ) B tep AT ( 06)

(4.105)

ﬁstep =1+
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Subdivide both operational duration and integrated linear drift. Exact endpoints
of this frozen CIR transition, normalized stock factors and the bridge-variance
correction preserve the discrete stock martingale, foreign first state moment and
conditional expected log-contract variance. Aggregation approximates the con-
tinuous two-clock drift law and must be checked by calendar-grid refinement. A
constant-coefficient whole-interval CIR formula no longer applies in general; the
implementation accumulates the local fair variances and audits their paired differ-
ence from the conditional log-contract estimate.

Excessively steep long-expiry skew motivates testing a smaller magnitude of
negative p. This is a calibration hypothesis: the split drift also changes the volatil-
ity distribution and hence the skew term structure. Correlation profiles and joint
refits are compared using identical market quotes, target weights and numerical
settings before attributing an improvement to either mechanism.

Independent smooth and rough reciprocal components. A single
stock—variance correlation may not accommodate the observed skew term struc-
ture. Assign independent diffusion strengths and correlations to the business and
boundary clocks. The business-time coefficient of stock variance remains one, fixing
the scale of (:

Eq[dg] = (6 — K&)dt, () = 2¢ dt,

Eq[dS] = 0, d(S) = S;(dt + Vg dt),

Eq[d(] = (3¥ce+a—BC) dt+ (3¥cr + N =20 &b, d(C) = ((Yeqdt + V),

d(¢,S) = =S (py/Yeidt + 0y /Y Vs d}) d(¢,S) =d(&,¢) =0.
(4.107)

Here p and 1 are the smooth and rough variance—stock correlations, opposite in sign
to reciprocal-state—stock correlations. Each is in [—1, 1], so each clock’s covariance
matrix is positive semidefinite. Constant and proportional drift coefficients remain
independent. The compulsory Feller floor is one in each active state innovation
clock, without identifying the two actual characteristics. The strengths satisfy
Ver >0, Yer >0, Yg > 0, with dimensions 1, time? and time? respectively. At
Vs = 0 direct rough stock variance vanishes while rough volatility can remain. At
V¢ = 0 rough state innovations vanish without requiring the rough state drift to
vanish.
The shared-clock model is the exact subfamily

\’)S = \’)7—, “’)C,t = ‘3)(, \’)C,V = waﬂ n = pP- (4.108)
Its calibrated parameters thus provide a starting point without losing model ex-

pressiveness. Weaker smooth leverage together with stronger rough leverage could
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reduce long-expiry skew while retaining short-expiry skew. This is a calibration hy-
pothesis. The correlations cannot be inferred from two skew slopes independently
of clock activity and the volatility state distribution.

Cash boundary excesses are «, N. Under the stock numeraire,

af = o — py/VYe i, Ne =N—10,/VYVs. (4.109)

Both variance-stock correlation signs reverse; reversion, diffusion and clock param-
eters remain unchanged. Enforce nonnegative excesses in both numeraires without
division by rough strengths. For active state diffusions the actual Feller charac-
teristics are 1 + 2a/W¢,; and 1 + 2N/V,;, with the foreign constants from (4.109).
Equality gives the nonattainment floor. The fair-variance simulator requires posi-
tive excesses in each active state innovation clock for finite inverse-state expecta-
tions. Stabilizing negative quadratic drift for 1/¢ is stronger, requiring o > ¥ ;/2
and N > V¢ :/2 in the corresponding clocks.

Generate the same business-time affine boundary-clock paths first. Freeze the
clock ratio within each slab, and define

v
Ate = At + w—“m, AT = At + WgAT,
C?t
2(aAt + NAY) BAL+ AT
step — 1 ) step — )
Vstep = 1 + VoAt Bstep At (4.110)

p YA+ 0O U AY
Petep = VYA AT '

Cauchy—-Schwarz ensures |pstep| < 1. Even when p =1 = —1, the effective slab cor-
relation can have smaller magnitude: with both clock increments positive, equality
requires Wey/VYer = Yg. This attenuation arises from different smooth and rough
diffusion weights; it does not by itself quantify the correlation of returns over a
longer horizon. Subdivide both effective durations and bound integrated reversion.
Use the resulting noncentral Gamma state transition, with foreign characteristic
shift —2pgiep/ AT/ (V¢ At¢) for the normalized endpoint stock factor. It matches
both the domestic stock martingale and foreign first state moment. Multiply the
state-clock fair inverse-variance integral by Ar/At: before subtracting the end-
point’s expected log-contract contribution to obtain residual Gaussian stock vari-
ance. The current sampler restricts both leverage correlations to [—1,0], checks
finite second moments of its endpoint tilt, and rejects materially negative residual
variance instead of clipping it. These covariance and moment identities hold for
the frozen slab law; they do not determine the order of smooth and singular clock
events inside a slab. Continuous-model pricing requires business-grid and effective-
duration refinement. The nested subfamily retains the earlier sampler’s draw order
and prices.
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An optional calibration sampler retains the same normal-plus-Gamma end-
point distribution but generates its central Gamma component by inverting its
distribution function at a fixed uniform draw. This couples changes in the Feller
characteristic monotonically, avoiding jumps caused by changing acceptance deci-
sions in a rejection sampler. Separate random keys for each calendar interval and
subdivision prevent a local change in subdivision count from shifting all later inter-
vals’ random inputs. This changes the numerical coupling, not the transition law
or the financial model. Candidates from this search are checked with the original
sampler on independent paths before replacing the retained best calibration.

Fitted physical-time rescaling. The holiday-adjusted business clock can be
followed by a deterministic increasing map to model time. For calendar expirations
T;, set u; = tholiday (73) and ug = 0. One positive speed r; is assigned to each interval

(wi—1, ], giving

tmodel(u) = ZTj(uj — uj_l) + ri(u — ui_l), i <u<u;, r;>0. (4.111)
i<t

The final speed is used for extrapolation. All internal dynamics, including the
affine clock-generating state and its boundary clock, run in model time. Market
expirations, discount factors, forwards and implied-volatility annualization retain
their original calendar convention. This supplies a coherent process across maturi-
ties rather than unrelated laws at individual expirations; r; = 1 recovers the fixed
business-clock specification exactly.

The first calibration holds the financial parameters fixed and fits all interval
speeds to the original quote-error and volume objective, without a smoothness
penalty. Report the cumulative map, its interval speeds, the expiry knots and their
numerical limits, and the overall ratio tmedel(tn)/un. Also display the cumulative
curve and speeds after dividing by this overall ratio; this separates a common time-
unit change from local clock distortions, without changing prices or the fitted map.
With one speed per fitted expiry, a smaller in-sample error alone does not establish
predictive improvement. The clock is continuous and positive, but its changes of
speed are tied to the chosen expiry knots.

If financial parameters are subsequently fitted jointly, fix a dimensional anchor,
such as (py, to remove a redundant global time scale. Indeed, replacing every model
time by c¢ times that time leaves the specification equivalent under & — &,
Co = o, k= Kfc, B Be, (Ws, Y, N) — co(\e)g,\vm, N) and 2+ #~12, with
the dimensionless parameters unchanged.

An additional Heston stock contribution from the clock driver. The
independent reciprocal specification can retain a direct calendar-time stock contri-
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bution from &, as in the earlier hybrid model. With the normalization of (4.57),
introduce H > 0 and a separate variance-stock correlation p¢ € [—1,1]:

_e|(H, L Vs
d(s) = S [<2§+C>dt+ : dt],

d(€, S) = peSVHE dt,
d(¢) = 2¢ dt, (4.112)
d(C) = ((Y¢idt + V¢ rdb),

d(¢,S) = =5 (py/Vedt +0/VYe Vs dt)

d(,¢) = 0.

The domestic drift terms and the definition of the boundary clock are unchanged.
The coefficient H has dimension 772 and is distinct from the Hurst exponent.
Setting H = 0 recovers the independent reciprocal model; the two additional pa-
rameters do not introduce another state or clock.

The calendar stock martingale is a sum of a Heston contribution driven by
¢ and a reciprocal contribution driven by (, with independent residual Brownian
innovations. Consequently pe and p are correlations with their respective stock
contributions. Their correlations with the total calendar stock innovation are,

respectively,
| HE/2 [ 1/¢
P\l Hej2v1/c0 P\l e+ 1/¢ (4.113)

This decomposition makes the covariance matrix positive semidefinite for indepen-
dent choices of the two component correlations in [—1, 1]; there is no additional
constraint pg +p2 <1

Under the stock numeraire, the clock driver’s drift becomes

B¢[de] = [9 — (K — peVH)E] dt. (4.114)

The reciprocal foreign drift shifts and its two Feller characteristics remain those
specified above. A negative pe couples falling stock prices to increases in &: its
Heston variance contribution increases, while approach to the boundary and rough-
clock activity become less likely. The stock-numeraire mean-reversion coefficient is
correspondingly larger. This channel can change both the smile and its maturity
dependence, rather than only adjusting the maturity’s overall volatility level.

The Heston return factor must be simulated jointly with the retained clock-
driver information. An independent Heston return generated after the rough clock
would remove the intended leverage dependence. Any finite-step conditional-return
approximation must preserve its martingale normalizer and be checked against the

Gregory Pelts cryptorado.ai/rough-diffusion 61


https://cryptorado.ai/rough-diffusion

foreign-measure first moment of &, as well as covariance and grid convergence. The
time-rescaling calibration reported so far uses H = 0 and is retained as the nested
comparison, not as a calibration of this extension.

Discrete endpoint return factor. Let p.(&1 | &o; At) denote the CIR tran-
sition density with drift § — k€ and bracket 2 dt. The separate implementation
retains the existing domestic clock paths and uses the following Heston conditional
stock factor on each grid interval:

Pr—pevri(§1 | S0 AL)
My = : (4.115)
pr(&1 | o; At)

The density ratio integrates to one under the domestic endpoint law, and its first
moment is exactly the foreign CIR mean. Products of these factors therefore pre-
serve the discrete martingale condition and the foreign marginal law of the retained
¢ endpoints. The existing reciprocal stock factors remain conditionally normalized
given the driver and clock paths. The two factors multiply, while their independent
Gaussian residual variances add.

For the Heston residual, the first implementation uses the positive trapezoidal
area (& + &1)At/2 and hence adds variance (1 — pg)/H(fo + &1)At/4. This is an
approximation to the conditional continuous-time return law: it omits unresolved
fluctuations of the integrated driver and of its bridge-conditioned boundary clock.
Exact discrete normalization must not be confused with exact continuous-time
option pricing. Its numerical evaluation uses scaled Bessel functions and the central
Gamma limit, with no empirical stock rescaling. The H = 0 branch reuses the
original snapshots and random draws exactly.

Conditional VIX approximations for H =0

For the independent reciprocal model, a conditional VIX approximation must in-
clude the total stock quadratic variation in . Let T denote calendar time,
A, = 30/365, and

t(T) = tmodel (tholiday (T))7

Ur =t(T + Ac) —t(T). (4.116)

Both the affine clock driver and the reciprocal state evolve over the internal horizon
Ur. The annualization denominator remains the calendar window A.. Conditional
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on the natural state ({7, Gy1)) = (§,¢), define
Ur du+ Vg dt
—, | [ g ],
0 U
o (4.117)
VIX$M (€, ¢) = 100 VT(A& O.
C

Here the superscript denotes the continuous-model variance target. For a contin-
uous discounted stock with finite conditional expected quadratic variation, Itd’s
formula also gives

St(T)+UT

Vr(§,¢) = —2Eq [log S

¢, g] . (4.118)

This is expected log-contract variance, not the variance of the terminal log return.
Neither (1 — p?) nor (1 — 1?) multiplies the total variance: those factors concern
the orthogonal return decomposition. The market VIX methodology uses selected
option strikes and maturity interpolation, so its finite option portfolio need not
equal this continuous-model target exactly.ﬁ]

The canonical conditional mean clock. Write p =1 — 6, and let

KU _ 1 — g~ Ku
Fo(u) = & —. Dﬁ(u):%, (4.119)

with both expressions interpreted as u at k = 0. For the canonical physical CIR
boundary clock, the exact conditional mean and its rate are

m<urs>:Ed[rt+u—rt&:az/ourws>dv
(4.120)

r(u§) =

Dy(u) % exp <_F,f(u)> , u>0.

_P_
I'(0)
This mean is time homogeneous in internal model time; no absolute-time exponen-
tial factor is present. At k = 0 and £ = 0 it reduces to m(u | 0) = v”/I'(6). With
k > 0, using Fy(u)?/I'(0) at the boundary instead would describe the unweighted
transformed clock. The integrable u~? singularity at € = 0 is handled through
clock increments or a suitable quadrature coordinate, rather than evaluation of
r(0 ] 0).

3Cboe’s official description of the SPX volatility-index methodology specifies a 30-day
target and calendar annualization, with finite strike selection and two-term interpolation;
the VIXMO variant uses the same variance calculation: https://cdn.cboe.com/api/
global/us_indices/governance/Volatility_Index_methodology_VIXMO_only.pdf.
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A frozen conditional mean-rate approximation. For U = Ur > 0,
replace the future rough-clock rate by the constant 7 = m(U | €)/U, and define

q= \’)g‘,t + \’JQF, a = o+ N7,
2 4.121
b= g+ 37, k=14+VYsF, v=1+-2". (4.121)
q
The reciprocal state then has constant affine drift ¢/2 + a — b¢ and bracket ¢¢ du.

Retaining its diffusion gives the fixed-CIR fair-variance formula of :
Fy(U) .
c
It is exact for this constant clock ratio. It does not replace the reciprocal state by its
conditional mean; such a replacement would add an inverse-state approximation.
The same exact fair-variance formula is derived in the companion VIX and
CDS in Reciprocal Affine Stochastic Vol Model, equations (3.1) and (4.2), both
on page 4.EI Its parameters (&, 6,7, u) correspond here to (¢,q/2 + a,q,b). In the
pure smooth model this becomes ({,¥¢1/2 + «,VY¢, f) and z = F(U) /¢ exactly,
without a mean-state approximation. For x = 2/(¢qx) and 6 = v — 1 > 0, the
corrected equation (3.1) can be written stably as

1
% _ X/ (1 —v)le™ XV dy = §1F1(1; Vi =X);

or " Jo
. 2 X1—(1-v/x)°
y(z;v,q) = o {El(x) +/0 —

where Ei(x) = f;o e Vdv/v. Differentiation of the second line gives the first.
They satisfy the paper’s fair-variance ODE with y(0) = 0 and 3/(0) = 1. Since that
ODE is singular at zero, the fair solution also selects logarithmic growth at infinity,
excluding the additional homogeneous solution. Thus the smooth and frozen-rate
formulas are exact special-function or integral representations; numerical positive
quadrature evaluates them, rather than approximating their reciprocal diffusion
dynamics.

The zero-diffusion limit holds the immigration a fixed and is

F,
klog<1+abg(U)>, a >0,

a
kE,(U) a=0.

¢
Holding a finite v fixed while ¢ | 0 instead forces a = q(v — 1)/2 to vanish.

e 0=k (M) gm0 vel @z

(4.123)

e Ydv|,

Pfrozen — (4.124)

4Gregory Pelts, April 3, 2015; source in the companion project Reciprocal Affine
Model/main.tex.
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Retaining the full conditional mean-clock path. A finer approximation
replaces d¥y1, by dm(u | §) throughout the window, with the entire mean path
conditioned on its initial natural state £. Its reciprocal state remains stochastic:

Ealde] = | "5 4ok wr(u] ©) - (64 3r(u] )6
d{Q)u = q(u)Cudu,  q(u) =V¢ i +VYear(u|f), (4.125)

N U
lefath = /0 (1 +VYgr(u | 5))Ed[§;1] du.

In general this time-inhomogeneous CIR expectation cannot be reduced to one
evaluation of y using only m(U | &).

For a partition 0 = ug < --- < up, = U, freeze the clock ratio on each slab using
Au; = u; —uj—1 and Am; = m(u; | §) — m(ui—1 | £). Set

Q; = \’)QtAui + \’)C,tAmiv e; = aAu; + NAm;,

R; = BAw; + 2Am;, ™ = Au; + VgAm,, (4.126)
2e; Qil—e ' ~R; |
=14 A L j=e .
V; + Q/L" gi 2 Rl ’ i €

The ratio in g; has limit one at R; = 0. If L;(\) = Eq[e ], exact affine transi-
tions of this frozen-slab model give

A
LoA) = e, Li(A) = (1+g\) "L | —22_). 4.12
o= L) = @ g Lo (1 20) (1.127)

This recursion retains the complete reciprocal-state marginal distribution. For
d;i =v; — 1 >0 and n; = ¢;/g;, the expected total stock variance on slab i has the
positive representation

W, = 2 [1 / LiaiN )
’

Qi | 6 A

(4.128)
n /m- 1— (1= X\/m)% Li—1(\) A
i .

0 A

Thus ), W; approximates without sampling reciprocal states. Positive
quadrature in a scaled or logarithmic Laplace coordinate resolves narrow small-
slab peaks. Clock and reciprocal-state diffusion have independent coefficients, so
this distribution propagation cannot be replaced by advancing only E[(].

The compulsory descriptor ¥ = 1 is only the nonattainment floor. The actual
cash characteristics are 142a /¥ ; and 142N /¢ in their active innovation clocks.

Gregory Pelts cryptorado.ai/rough-diffusion 65


https://cryptorado.ai/rough-diffusion

Strictly positive excesses ensure v; > 1 and finite first inverse-state expectations
in the frozen CIR slabs. At characteristic one, their fair variance diverges; no
finite value is obtained by clipping that characteristic. Characteristics close to one
require quadrature checks. Divergence of an inverse-endpoint second moment at
characteristic at most two does not by itself establish divergence of the continuously
integrated inverse-area second moment.

Refine both the slab partition and the fair-variance quadrature, and compare
conditional total variance before taking square roots. Sampled canonical clock
paths provide a benchmark for replacing their distribution by m, with reciprocal
diffusion retained. Sampling uncertainty is reported separately from clock-bridge
and interval approximations. Neither mean-clock approximation has a universal
bias sign, and agreement at the initial state does not establish agreement across
option-expiry states.

An atom-preserving clock-distribution closure. The conditional mean
alone discards the intermittency of the boundary clock. Let A, = ¥4, — ¥ and
My(u | §) = Eq[A} | & = &]. The strong Markov property at boundary-clock
increments gives the exact Kac moment recursion

My(u | &) =1, My (u &) = n/o r(v| &) Mp—1(u—v|0)dv. (4.129)
In particular M1 = m and Ma(u | §) = 2 [;'r(v | §m(u — v | 0)dv, using the

physical rate in (4.120) also when k£ > 0. At kK = 0 and £ = 0, the normalization
can be checked from

B n! L(1+p) ,\"
M,(u]0)= T+ np) < 0 U . (4.130)
The exact no-contact atom is
1 £/ Fe(u) )
po(u|§) =Pa(Ay=0|&=¢) = F(p)/ vPle™ du. (4.131)
0

Thus po(u | 0) = 0 for u > 0.
A computable marginal closure preserves this atom and fits a gamma law to
the positive clock. With h =1 — pg, put
M M. T
fy = =1 vy = =2 — 3, Ay =~ podp+ h Gamma Mi, ). (4.132)
h h Ut Ht
The gamma arguments denote shape and scale. If v, = 0, the positive branch is
a point mass at p4. This is a two-moment closure; higher moments and tails are
not identified by these formulas.

Gregory Pelts cryptorado.ai/rough-diffusion 66


https://cryptorado.ai/rough-diffusion

A fast total-clock mixture evaluates at random constant ratios Ay /U
and averages with the law in ([£.132). It retains the reciprocal-state diffusion but
discards within-window clock timing. A path version uses the gamma-mixture
quantile @, at each partition time and a common uniform variable Z:

Ay = Qu,(Z),  Z ~ Uniform(0,1). (4.133)

On each increasing quantile path, replace Am; in by ﬁuz _A\’U«i—ﬂ propagate
, and integrate . Positive quadrature then averages these conditional
fair areas. The complete reciprocal-state law is propagated on every path. Gamma
quadrature can reproduce the first two terminal clock moments exactly while earlier
contact-probability cutoffs still require refinement. Report quadrature errors in the
mean, second moment, and zero atom across the entire time partition.

The shared quantile imposes a comonotonic coupling, not the actual joint law
of the CIR boundary clock. It can overstate temporal covariance and smooth the
random contact episodes. Smooth and rough reciprocal generators generally do not
commute, so matching terminal clock moments, or even all one-time marginals,
does not identify expected stock variance. This limitation is especially material
when the rough characteristic is close to one. Finer time partitions and more
positive quadrature nodes control numerical errors of the closure; they do not
remove its joint-law error. Sampled-clock comparisons must also refine their clock
bridges and within-interval ordering before serving as a continuum benchmark.

A common per-expiry VIX forward scale. For VIX option expiry T,

let YT(j) be simulated VIX levels obtained by applying the conditional variance

approximation to each expiry state. A common forward alignment uses

N target
_ 1 , F . .
Yr=2Y Y a="L— V/=ay’ (4.134)
N & Yr

Use the same ar for calls and puts of that expiry. With discount factor Dr, the
resulting sample prices satisfy

Cr(K) — Pr(K) = Dp(Fy" - K). (4.135)

An observed VIX futures quote supplies the preferred target. When that quote is
absent from the retained cache, the fallback is an explicitly identified option-implied
forward from matched call and put quotes, FoP' = K + (O3t — PIkt) /Dy, Report
the raw Monte Carlo mean Y 7, the target and its source, and the scale ar for every
expiry. This aligns the mean of VIX levels; averaging conditional variance before
taking its square root gives a different quantity.
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The scale can absorb differences between the continuous variance target and the
market’s finite option portfolio, including strike and tail cutoffs. It can also absorb
model or approximation error. Forward alignment therefore does not validate the
conditional variance approximation or remove errors in the distribution’s shape;
an option-implied target estimated from the same quotes is not an independent
validation input.

Jump-free reciprocal model with a common Feller char-
acteristic

The independent-clock specification admits the following constrained version: the
smooth and rough reciprocal innovations have the same actual cash-numeraire
Feller characteristic ¥ > 1. The affine driver’s characteristic # € (0,1) remains
independent of ¢. Here ¢ is internal business/model time, obtained from the deter-
ministic physical-time map; there is no additional random observation clock. For
the initial specification set H = 0. Its complete drift and covariance equations are

Eqldé] = (0 — r€)dt, d(€) = 2 dt,
Eq[dS] = 0, d(S) = “S;(dt + Vg dt),

Eqld¢] = (39V¢ — BC) dt + (399 — 2C) d, d(C) = C(Y¢1dt + V¢ pdb),
d(¢,S) = =S (py/Yeudt +10,/VYc Vs dt) d¢,S) =d{¢,¢) = 0.
(4.136)

The coefficients satisfy x,8,1 > 0, § > 0, (o > 0, Y¢; > 0, Yer, Vg > 0 and
lpl, || < 1. The current bridge-return sampler further restricts p, < 0. As
before, these are variance—stock correlations, with the opposite sign for reciprocal-
state—stock correlations. The deterministic smooth stock coefficient is one, fixing
the reciprocal-state scale. The optional Heston contribution is precisely ; it
is not required for this constraint or for the variance table.
The old floor-plus-excess-drift representation gives exactly the same parameters
after the substitution
a=""Lv, n="Tly. (4.137)
2 2
Thus o and N are derived quantities in this version, rather than additional free
calibration variables. The smooth and rough reversion rates, diffusion strengths
and leverage coefficients remain independent. Their units remain those of the
independent-clock model: [¢§] =[] =T, [} =T [x] =[] =T, [2] = 791,
[Wei =1 and W] = [Ws] = T7; 0,9, p, 1 are dimensionless.
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In particular, the effective domestic characteristic in every frozen smooth /rough
slab is independent of its sampled clock ratio:

2(aAt 4+ NAY)
WgtAt + Y)QtA? N

This removes the mixture of different domestic characteristics in . It does
not remove the approximation of the smooth/rough event ordering inside a finite
slab. The new implementation translates the descriptor and reuses the existing
transition, stock normalizer and random-input law; the unconstrained and jump-
clock implementations and their results are retained separately. A fit with unequal
characteristics must be projected onto a chosen common ¢ and recalibrated. Its
original fit error is not automatically attainable under this additional constraint.

Numeraire conditions and inverse-state integrability. For an active
rough state diffusion, the two stock-numeraire characteristics become

p v
Opy =0 — —o— gy =020 [ (4.139)
Ve Yeu

Both must satisfy their nonattainment floors, individually. Equal cash characteris-
tics do not require equal stock characteristics: the numeraire shifts depend on the
two independent leverage channels. The rough condition is omitted when ¥W¢; = 0;
it must not be evaluated by division by a zero diffusion strength. In the imple-
mented nonpositive-correlation regime both stock characteristics are at least the
common cash characteristic.

For any positive elapsed CIR time, the inverse-state mean is infinite at cash
characteristic one, even though that value is the nonattainment floor. Consequently
its expected fair variance is infinite at that critical characteristic. A strictly larger
1 makes the first inverse-state expectation finite, but approaching one creates a
poorly conditioned fair-variance calculation and strong seunsitivity to rare small
reciprocal states. Finite results on a coarse grid do not establish a finite critical-
characteristic limit. The threshold two instead concerns the instantaneous second
inverse-state moment and the sign of the inverse state’s quadratic drift; it is not a
general criterion for every time-integrated variance moment. Calibration bounds
and variance-table convergence checks therefore state their distance from the crit-
ical first-moment floor explicitly.

Mean reversion and the conditional rough clock. The exact nonzero-
% conditional clock mean is already (4.120)); it is not obtained by inserting an
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unweighted transformed time into the zero-reversion formula. For comparison, the
first-contact probability over U > 0 is

§
Fu(U)

_ PU¢)

) U1 =V 1O (4140)
where @ is the regularized upper incomplete Gamma function and Fj is defined in
. The probability ratio corrects contact frequency while retaining the zero-
reversion amount of clock conditional on contact. Tt can improve the zero-reversion
estimate, but is still an approximation. At & = 0 both contact probabilities are
one, so this ratio misses the increase in the physical boundary-clock mean caused
by mean reversion. The exact integral remains the default mean-clock input and
the diagnostic reference. The optional ratio is evaluated through the conditional
positive-contact mean when necessary to avoid division of underflowed probabili-
ties.

a@wazQ(Lw,

Variance-only tabulation. Calibrate the jump-free specification with the
common characteristic constraint first. Check the selected parameters using fresh
path batches and a refined outer time grid, then freeze the complete parameter
vector and fitted physical-time map. Only then build the conditional variance ta-
bles. A parameter change during subsequent calibration invalidates those tables
and requires retabulation; a table from an earlier candidate is not used to certify
the final calibrated model. For a calendar expiry 7', compose the holiday and fit-
ted physical-time maps into u(7) and use the future internal duration. Write Arp
for the future variance window in ACT /365 calendar years; the standard monthly
window has Ap = 30/365:

Ur ds + Vg d?u(T)_,_S

Ur = u(T+Ar)—u(T),  Vr(§,¢)=Eq {/0

3 g} . (4.141)

Cu(T)Jrs

Tabulate this conditional integrated variance on a grid of £ and (, including bound-
ary starts and the states observed at fitted option expiries. The default table gen-
erator samples only the clock driver and its boundary-clock increments, integrating
out the reciprocal innovations. A sampled reciprocal-state alternative provides a
separate check. Neither method generates an underlying level, stock endpoint tilt
or idiosyncratic stock shock.

On each sampled clock slab, write

v
Ate = As + 1A, AT = As + WgAR,
e (4.142)
ﬁ . /BAS + JAt W (C) o AT Fﬁstep (AtC) Ry .
step — Atc ) step — Atcy < y Uy ¥(Ct ) -
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The function y is the mean-reverting smooth reciprocal fair-variance integral in
. The sampled-state alternative advances the exact frozen-slab noncentral-
Gamma endpoint and accumulates Wyiep, conditional on its starting state, integrat-
ing out its unresolved reciprocal bridge.

The common characteristic also permits integrating out all reciprocal state
innovations, conditional on each sampled rough-clock path. Set R; = BAs; + AR,
Go =0 and D; = exp(—>_;; It;). Its endpoint marginals satisfy

R, Ve Ate; 1 — e T
G =BG Gt ,
% € i—1+ 2 Rz )

G|t 4 G1F<19+Poisson<<£i) ,1) .

)

The ratio at R; = 0 is interpreted as one. FEvaluate the marginal log moments
¢; = E[log ¢; | ?] by positive noncentral-Gamma quadrature, with ¢y = log (. 1to’s
formula for log ¢ then gives the conditional slab area without a reciprocal-state
draw:

BIW 1] = o

tei 3Ye(V—1)

Average the summed areas over the sampled clock paths. This removes reciprocal-
state sampling error, while retaining rough-clock randomness and the finite-grid
clock-ordering approximation.

The table records the parameter vector, future internal duration and time grid,
path counts, random seeds, quadrature settings, sampled clock mean and exact
conditional clock mean. Refine the outer clock partition, especially its first inter-
vals near £ = 0, as well as the reciprocal substeps and fair-variance quadrature.
Increasing reciprocal subdivision alone cannot recover unresolved rough-clock or-
dering. Use independent path batches to report sampling error separately from
refinement changes. Interpolate positive integrated variances linearly in £. The
basic method is linear in log (; an optional shape-preserving cubic interpolation
of log V' against log ( retains positivity and reduces the positive interpolation bias
in the large-¢ inverse-state asymptote. Check both methods against independent
off-grid estimates. Identify states outside the table and extend the grid instead
of silently extrapolating or clipping them. A table for one future internal dura-
tion must not be substituted for a different expiry’s duration without an explicit
additional interpolation or a separate table.

Paired fair-variance and forward comparison. The numerical calibra-
tion imposes an explicit margin from the critical floor, ¥ > 1.5, for both cash
characteristics. This is a chosen calibration restriction, not an additional nonat-

tainment theorem. After freezing the fit, generate one common bank of 229 variance
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paths, shared across all VIX expiries. The calendar partition contains every expiry
and future-window endpoint and has steps no longer than one quarter of a day.
Simulate &, its boundary clock and ¢, and accumulate

/“<T+AT> ds + Vg dit,
Ap = AT
u(T) Cs

No stock level or stock-correlation tilt is needed. The full-path reference samples
reciprocal midpoint states and integrates their inverse values, rather than substitut-
ing a conditional fair-area formula. Finer reciprocal subdivision and independent
batch diagnostics check the integration and sensitivity to rare small states sepa-
rately from the outer clock partition.

Retain each path’s expiry state and Ap. Build the conditional estimator
YA/T(ﬁT,(T) over the full observed state range, without clipping tail states. Its
future partition is the corresponding segment of the reference partition, mapped
as u(T + s) — u(T). Then evaluate that estimator on the same retained paths;
additional future-clock draws used to construct the table do not replace this com-
mon outer sample. Near the boundary, interpolate in £!79 to resolve the leading
boundary-clock cusp. Compare it with ordinary £ interpolation on the same table
using independent conditional estimates at the same off-grid states; neither com-
parison supplies a fitted level correction. With bars denoting averages over those
paths, report four levels per expiry, in VIX points:

360 __ 360 = 360 — (360)
1004/ y) 1004/ % 100 ,/ % FB) 4143
365A7 1 365A7 1 365A7 1 T )

The first two agree in the exact conditional-expectation and converged simulation
limit, by the tower property. Their paired difference measures estimator and in-
tegration error; the difference between the second and third displays the Jensen
effect. In the absence of observed futures, the final column is explicitly identified as
an option-parity synthetic forward. No fitted multiplier matches any model column
to it.

This comparison deliberately uses a 360-day annualization year, so the standard
monthly factor is 360/30. The official Cboe convention uses a 365-day year; retain
the original market forward and display F%%O) = 4/360/365 F:(F365) for consistent
units. Weekly SOQ windows use their nominal 30 days plus 390 minutes in place
of 30 days.[ﬂ Record the settlement and nominal future-window conventions, and
flag future windows that extrapolate beyond the fitted physical-time knots.

5Cboe, VIX  Methodology, https://cdn.cboe.com/resources/vix/VIX_
Methodology.pdf; the nominal weekly SOQ window is described in https:
//www.cboe.com/tradable-products/vix/faqs/|
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Future averaging and the reciprocal tail. An instantaneous elasticity
above one does not determine the sign of the VIX option smile. Even in the pure
smooth reciprocal case, the mean-reverting fair-variance integral is

Eflog v | (] ~log ¢+ SU

WU [¢) = v (0 — 1)

For fixed U > 0 set Gy = 3V Dg(U), with Dg(U) = (1 — e PV)/B and its
continuous zero-rate limit. As the initial reciprocal state decreases to zero, the
noncentrality vanishes and E[log (7] — log Gy + (). Consequently,

log(Gu/¢) + ¥ (¥) + BU +o(1)

WU ¢ - (=D

The corresponding conditional VIX level grows only as the square root of a loga-
rithm of the initial variance, whereas the instantaneous smooth volatility grows as
¢~1/2. Thus future averaging can substantially compress the right tail even when
typical levels require only a modest forward correction. This identifies a mecha-
nism, not a general sign theorem for the full model’s VIX implied skew. Compare
the tabulated full future expectation, the pure smooth future expectation, and
the instantaneous smooth-volatility proxy on the same sampled expiry states; keep
their respective forward-normalization factors explicit. Only the first is the model’s
VIX forecast.

VIX levels, skew and parity. Evaluate the table at each simulated option-
expiry state and set

Vr(&uerys Cu(r)) Epreet ~() )
Yr = 100\/ C oap=——T P9 —apy )
TN
30/365 NN Yj(g)
(4.144)

The denominator is calendar time, regardless of the internal dynamics’ time rescal-
ing. Use the same positive scaling factor for calls and puts, so their discounted
Monte Carlo prices satisfy Cr(K) — Pr(K) = Dp(Fp™®" — K) exactly on the
sample. Report the scale and the target’s source; when a futures quote is absent,
an identified matched-call/put implied forward can supply the target. Also report
the unscaled model mean and its difference from that target. Forward match-
ing enforces parity; it does not validate the conditional fair-variance calculation.
In particular, omitted positive far-strike option contributions reduce a truncated
replication sum. Such truncation cannot explain a full-model estimate lying below
its own otherwise identical truncated replication estimate. A shortfall relative to
market therefore requires checking numerical variance and clock approximations,
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the fitted state distribution, and model consistency with the option prices; it must
not be attributed automatically to a portfolio cutoff. Plot market and model Black
implied volatilities against log(K/Fy"®") to compare smile shape after forward
alignment. The reciprocal variance state’s 3/2 diffusion elasticity alone does not
settle this conditional thirty-day variance smile. Check its shape using the tabu-
lated full conditional variance, with state-range and time-grid refinement, before
drawing a conclusion from a mean-clock approximation’s skew.

Sampling the boundary-clock bridge. The conditional bridge mean used
in the original clock sampler preserves the first clock moment up to quadrature er-
ror, but suppresses higher moments. Matching the exact conditional mean therefore
does not establish an accurate future-variance distribution. An optional reference
sampler retains exactly the same affine endpoints and first /last contact draws and
restores the independent clock amount between these contacts.

Put p=1—6 and

sinu
sin(pu)P sin((1 — p)u)t—p’

Au) = M =pP(1—p)~1-2),

Draw U on (0,7) with density proportional to A(u), by accepting a uniform pro-
posal with probability A(u)/M, and independently draw G ~ T'(2—p, 1). Multiply
the conditional bridge mean by

n!T(2p)"T(p)' "
T((n+ 1)p)

R="—""2AWU)G'"™?,  E[R" =

In particular E[R] = 1. This is the size-biased inverse-positive- stable bridge law;
at k = 0 it samples the exact clock amount conditional on the contact times. A
separate random stream preserves the original affine endpoint inputs and draws
the multiplier in every lane, including lanes without contact.

For positive k, keeping the original averaged within-bridge weight leaves a con-
trolled approximation. Coupling with the exact weighted bridge gives a relative
weight error bounded by exp(pkAt) — 1 on an outer slab. Report its maximum
across the actual grid. Apply the multiplier to each individual contact slab, never
to an aggregate containing hidden clock substeps. This improvement restores clock
randomness but does not remove the finite-slab smooth /rough event- ordering ap-
proximation. Recheck the stock calibration with this sampler before adopting its
parameters for final VIX tables, and identify the sampler in optimizer checkpoints
and table fingerprints. Defaults and previous mean-bridge results remain separately
reproducible.
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Two independent reciprocal states in smooth and rough
time
This alternative assigns a separate reciprocal state to each stock-variance chan-

nel. The component subscripts in (; and (; identify their clocks, rather than time
arguments. The affine driver and canonical boundary clock are

Eq[d¢] = (0 — k&)dt, d(€) = 2¢ dt,
. 01 —-0) [ (4.145)
tt = 161\{6166/0 1{§S<€}ds, 0< 0 < 1.

Here t is the deterministic internal time obtained from the configured calendar or
business time map and its fitted expiry speeds. Market forwards, discounts and
displayed implied volatilities retain their quoted calendar conventions. No inverse
observation clock or affine stock-variance channel is added in this variant.

The complete discounted-stock specification is

Ed[d‘s} =0,

Eq[d(:] = (9¢ — BiCe)dt, d(¢e) = 2G dt,

Eq[dG] = (9 — BrGr)dt, d(G) = 2Gr v,
as) _ X, Y (4.146)
o =gt

d<<g Sl _ p/as d<<§ ) _pvrea,

d<Ct? CT> = d<£7 Ct> = d(&a CK‘> = d<£, S> =0.

The rough state’s quadratic variation uses dt, consistent with its purely rough
dynamics. The displayed stock bracket is relative quadratic variation; the bracket
of the level itself contains the factor S2. The two reciprocal Brownian drivers, their
two residual stock Brownian drivers, and the affine clock driver are independent.
Fach stock component shares its reciprocal driver’s innovation with correlation p;
or . Thus these are reciprocal-state—stock correlations, positive for the requested
negative variance—equity leverage. Both belong to [0, 1] in this experiment; they
are not the negative variance—stock correlations used in some earlier variants. The
two reciprocal factors are independent, whereas £ and (; need not be independent:
¢ determines the rough state’s clock.

Numeraire consistency and dimensions. With state diffusion fixed at
two, the domestic constants 9¥; and ¢ are themselves Feller characteristics. Stock
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numeraire drift adds the stock—state bracket divided by .5, so

Vea =0, Vpp =V + prV2Y,

(4.147)
ﬂt,d = 19¢, 19t7f =% +NV2V.

The foreign characteristics are derived quantities, not additional free parameters.
The inverse stock has the opposite component correlations in the stock measure.
Reversion coefficients, state diffusions and the clock law are unchanged. Enforce
Ct,0, G0 >0,2,¥ >0,k >0,& >0, and both domestic and foreign characteristics
strictly greater than one. Equality at one prevents boundary attainment but gives
divergent expected inverse-state variance, as discussed in the reciprocal-affine pa-
per. No arbitrary extra Feller margin is imposed. Positive component correlations
make the foreign inequalities automatic once the domestic inequalities hold.
If [t] = T, the normalized states and coefficients have dimensions

(k] = [B]
[0] = [9:] = [%] = [pe] = [0] = [X] = [V]
In particular, both stock variance strengths are dimensionless. The normalization

d{¢) = 2¢ d(own clock) fixes each reciprocal state’s scale; no separate reciprocal
diffusion strength is fitted.

T, (6] =T"",  (4.148)
1.

Simulation using the existing reciprocal step. First generate the ordi-
nary affine rough-clock bank on the internal time grid using the established native-
Torch sampled-touch and weighted bridge clock calculation. Independently evolve
(; over At and ¢ over At. A zero rough-clock increment leaves the rough state
and its stock contribution unchanged. No drift from the other clock is aggregated
into either reciprocal state.

Reuse the existing exact noncentral Gamma endpoint and normalized condi-
tional stock factor separately for each channel. The existing weighted reciprocal
step receives state diffusion coefficient two, shape 9, reversion 3, stock strength C'
and the negative of the public reciprocal-state correlation. It operates directly in
the original state units. Only lanes with a positive own-clock increment enter the
step; zero-increment lanes retain their exact current state and zero stock contribu-
tion. At C' = 0, the existing exact state transition still operates, while its stock
contribution is zero.

Smooth and rough factors use distinct seeded random streams. Each positive
interval is split into exactly the configured number of equal own-clock increments:
four for initial fitting and sixteen for final pricing. This fixed count is applied to
every advancing path; no path-dependent financial subdivision cap is introduced.
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The analytic endpoint multiplier has conditional mean one and matches the for-
eign first state moment. Its expected negative twice-log contribution is subtracted
from the forward expected integrated reciprocal variance, leaving the established
Gaussian bridge residual. Add the two conditional log-forwards and residual vari-
ances before evaluating option payoffs. Conditional independence preserves the
analytically normalized martingale factor without sample centering. The endpoint
laws are exact; the sampled rough clock and finite-step conditional-return/bridge
approximation still require numerical convergence checks.

Initial calibration scope. The initial experiment uses the Monday 5 October
2026 end-of-day snapshot and the four SPXW expirations 6-9 October. Targets
are reported closing premiums, with the established bid/ask-spread and volume
weights, both rights and all supplied strikes. Each expiry interval has its own
positive time speed; the first is fixed at one to anchor the overall time scale. The
editable descriptor lists the thirteen model parameters explicitly, followed by the
date-keyed speed dictionary. The separate implementation and notebook retain
earlier model results. This specification does not assert a completed calibration or
a fitted error.

Affine variance in the rough clock

This separate alternative retains the physical affine clock driver ¢ and assigns a
single affine variance state ( to its boundary clock. The state ¢ has no physical-time
drift or diffusion. Both states contribute to physical stock variance, while ¢ also
contributes to rough stock variance. The domestic discounted-stock characteristics
are

Eqd¢] = (0 — w&)dt, d(€) = 2¢ dt,

Eq[d¢] = (9 = BQ)dr, d{¢) = 2¢ dv,

Eq[dS] =0, d(¢, ¢) =0, (4.149)
dé? = % [(HE + X¢)dt + Wl dr], |

d<%s> = pVH Edt, d<4515> =NV (ar.

The factor 1/2 applies to all three stock-variance weights. In particular, H re-
tains the earlier Heston normalization and is distinct from a Hurst exponent. The
canonical boundary clock is

6(1—0)

t
€ 0
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Here t is the internal time obtained from the configured deterministic calendar or
business map and any fitted expiry speeds. Market forwards, discounts and quoted
implied-volatility maturities keep their original calendar conventions.

Covariances and attainable boundaries. Independent affine drivers and
independent residual stock noises realize . The stock shares the & physical
innovation with correlation p and the ¢ rough innovation with correlation 1, each
in [—1,1]. Since ¢ is a variance state, negative 1 gives negative equity leverage.
This reverses the positive state—stock sign used for inverse variance in the preceding
reciprocal alternative. The physical £é—stock correlation, including the additional

independent (/2 channel, is
HE
/ 7 4.151

where the denominator is positive. There is no extra condition coupling p and
1: they belong to different clock components. For the nonsticky affine boundary
construction, dt and d? are mutually singular. This explains the vanishing state
cross-bracket and why the 3¢ dt/2 stock channel has no instantaneous ¢ covariance.
Dependence through the sampled rough clock still connects € and (.

The parameter domain is &y, (o, J, k, H, 2, ¥ > 0, with signed 8 and the corre-
lation bounds above. No restriction ¥ > 1 is imposed. For 0 < 9 < 1 the rough
affine state can touch zero; for ¥ = 0 it is absorbed on reaching zero. The point
mass at zero is part of its transition law. These cases do not create the inverse-state
singularity of the reciprocal model. From a positive initial state, ©¥ > 1 prevents
boundary attainment, but that is an optional regime, not a required stability con-
straint here.

Numeraire family and dimensions. Adding each stock-state covariance
divided by S to the domestic drift gives the stock-measure parameters

ke =k — pVH, Be = B —NnVV, O =0, 9 =29. (4.152)

These local drift identities leave the affine family intact. They also change the
boundary-clock law through ki whenever the physical Heston leverage is active.
The inverse stock has opposite channel correlations in the stock numeraire. The
identities do not, by themselves; establish a global martingale theorem for every
parameter choice.

Writing [t] = T, the fixed state diffusion coefficients imply

=7 [=r=T1"",
] =T, 18] =T, (4.153)
H] =12, X =12,  [v]=T%2
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Shapes and correlations are dimensionless. The three stock coefficients are variance
weights; unlike those of the preceding reciprocal model, they are not dimensionless.
The six state and clock keys theta, kappa, xi_0, zeta_0, vartheta, and beta
denote 0, k, &g, (o, Y, B, respectively. The five stock keys H, Sigma, evar, rho, and
ecorr denote H, X, VY, p,N.

Finite-grid simulation and stock normalization. Reuse the established
native-Torch affine-driver and sampled boundary-clock bank. Apply the physical
‘H stock step to the stored £ endpoints of each bank interval. Split the interval into
exactly N financial steps for ¢, using increments At/N and AY/N on each path.
The configured N is four for initial fitting and sixteen for final pricing; it is not
a path-dependent cap. At zero rough increment the state is unchanged, although
its independent physical stock variance remains. The affine endpoint transition is
noncentral Gamma, including its Poisson—-Gamma zero-shape atom. It uses native
Torch draws on the existing ROCm backend.

For a generic own-clock affine endpoint with starting state x, shape a, reversion
b and increment §, write

1—e? —b6
c=—F-, n=uxe °,
b ng (4.154)
logM(q):—alog(l—cq)—i—1_Cq, 1—cqg>0,

with ¢ = § at b = 0. The stock factor uses exp(qZnext — log M(q)), which has
conditional mean one under this endpoint law. For stock variance Cz/2 in that
clock and channel correlation r, the trapezoidal It6 coefficient is

rvC <1 b5> B r2Co T+ Tpext

=" ; A= T et s (4.155)

8 7 2

The independent residual variance is (1 — r2)C'A/2. The physical Heston inputs
arex =& a=40,b=rk, C =H and r = p. For the rough channel use x = {, a = 9,
b=p,C =V and r =0. Add the independent physical variance XA ;/2, where
A¢ ¢ sums the ¢ trapezoids with physical increments. The full accumulated variance
separately records all three weights with their factor 1/2. The implementation’s
fair_variance field is this sampled trapezoidal integrated quadratic variation, not
an evaluation of the conditional expectation derived below.

The inherited endpoint helper additionally requires 1 —2cq > 0 for a nondegen-
erate endpoint, so the multiplier has a finite second moment for ordinary Monte
Carlo error estimates. This is a stated finite-step numerical condition, stronger
than the first-moment domain in (£.154); an invalid trial is reported rather than
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repaired by a sample normalization. The physical £ normalizer uses its uncondi-
tional endpoint marginal, not a law conditioned on an internally sampled future
touch. Conditional stock factors and residual lognormal factors then retain an-
alytic normalization without empirical forward rescaling. FExact affine endpoint
marginals and analytic normalization do not make the joint stock/clock transition
exact. The endpoint-only tilt, sampled rough-clock law and trapezoidal areas re-
main finite-grid approximations. Increasing N alone does not refine the physical £
bank grid.

Conditional fair variance. Tor an internal-time window At, the expected
integrated relative quadratic variation is

1 t+At t+At t+At
§Et [7—[/ (sds + Z/ (sds + \’)/ (s dts] . (4.156)
t t t

The £ area is the ordinary affine mean area. Conditional on the future clock-driver
path, the ¢ mean is

1 — e BT

6 )
Consequently the physical ¢ area is obtained by integrating the clock average of
this expression over s € [0, At]. Its rough-clock area is

1 — ¢ BAM: 9 1 — e BAM:
B |t <mm - )] | (4.158)
At 8 = 0, the conditional mean becomes (; + YA, and the rough area becomes
GE A ] +IE[(Ata¢)?]/2. Thus the fair-variance dependence on (; is affine, but
the future rough-clock average, including its dependence on & and &, still has to be
evaluated. Replacing the clock distribution by its mean is an approximation, not a
consequence of affine state dynamics. This description asserts neither a calibrated

option fit nor convergence of a VIX estimate; those require separate numerical
results.

ElGits | Foo (Gr4r)osres] = Ge P2 + 9 Aty =t — ¥ (4.157)

Affine variance in physical and rough time

The preceding affine-variance model extends by allowing the same variance state
¢ to have affine drift and diffusion in physical time as well as in the boundary
clock. The physical innovations of £ and ¢ have zero quadratic covariation. The
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characteristics are

Eqldg] = (0 — k€)dt, d(g) = 28 dt,
EqldC] = (0¢9 — BiQ)dt + (9 — BC)ds,  d(C) = 2((o¢dt + db),
Ed[ds] = 07 d<£7 C> = Oa
d;‘? = % [(HE + X¢)dt + W dr], (4.159)
d<%S> = pVH L,
(¢, S

5 ) :C[pt@dt+ﬂﬂd?} :

The canonical clock is still , with 0 < @ < 1. The physical clock is the
configured deterministic calendar or business-time map, including expiry speeds.
The coefficient o > 0 scales the physical variance clock of (; its physical shape is
¥y > 0. If B > 0, physical dynamics alone revert toward o¢¥;/f;. The existing
coefficient . continues to weight physical stock variance. All three stock weights
retain the factor 1/2.

Correlation, boundaries and change of numeraire. Independent state
innovations and independent residual stock innovations realize these covariances
with p, p;, D € [—=1,1]. The two total physical state-stock correlations, where

defined, are
HE 3¢
Nagrse " Hersc (4.160)

Their squared sum is at most one. Zero state covariation does not remove depen-
dence through the boundary clock. Negative channel correlations give negative
variance—stock leverage. Neither ¥4 nor 9 requires a lower bound of one; both are
nonnegative and the variance state may reach zero. If both immigration terms
vanish, zero is absorbing. Both reversion coefficients may have either sign. States
and variance weights are nonnegative.

Adding the displayed stock covariances to the state drifts gives

Kf = K — p\//}»_la
Bit = Bt — pt\/ 0%, (4.161)
Br =B —1nVVv.

Shapes and diffusion coefficients are unchanged. These are local stock-numeraire
drift identities, not a global martingale theorem for arbitrary parameter choices.
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Dimensions (4.153) remain valid, with the additions
[UC] = T_gv [ﬁt] = T_lv wt] = [Pt] =1 (4-162)
The four new descriptor keys are

oc evar_zeta_physical
¥; vartheta_physical
B¢ beta_physical

pt rho_physical.

The preceding eleven keys retain their meanings. At oo = 3; = 0 the preceding
rough affine model is recovered, and the two other new parameters are inactive.

When the physical states combine. Suppress the rough-clock terms for
this comparison and assume o > 0 and 3; = k. Then

X =&+ (/o

Eq[dX] = (0 4+ 9; — s X)dt, d(X)=2X dt. (4.163)

Thus the sum is a single normalized affine state. For the stock also to reduce to
the same single Heston factor, require H = o3 and p; = p; then its variance
and cross-covariance are S?HXdt/2 and Spv/HXdt. Equal reversions alone are
insufficient for this stock reduction. Setting only ¥ = 0 leaves rough evolution
of ¢ and does not produce this limit. The full model retains the boundary-clock
dependence and two distinct states.

Affine substep. Retain the native-Torch path bank for the physical affine
driver and its boundary clock. Apply the & stock step to its stored physical end-
points. Each bank interval is split into exactly the configured N financial substeps,
without path-dependent step counts. For each substep define

D = o:At + Av, A = o0 At + IAT,
B = B At + BAR, V = XAt + VAR, (4.164)
K = pi\JocE At + VY AR,

These are integrated coefficients, not additional model parameters. For D > 0,
use the affine endpoint law over increment D with shape A/D), reversion B/D and
stock variance coefficient V/D. Its effective correlation is K/v/DV when V > 0,
and zero at V = 0. Cauchy-Schwarz gives K? < DV, including the independent
residual stock noises, so this is an admissible channel correlation. Use and
(4.155) with these inputs; accumulate the full stock variance separately from the
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correlation-reduced residual variance. At D = 0, { evolves by its deterministic
physical decay; there is no stochastic state endpoint to sample. Its endpoint and
physical area are Ce™#4 and ¢(1 — e=#A%) /B;, respectively, with continuous area
limit (At at 5, = 0.

The conditional endpoint factor is normalized analytically. The inherited check
on its second moment is retained. Invalid finite-step trials are reported without
empirical centering, sample rescaling or added financial bounds. The zero-extension
case uses the preceding simulator unchanged. The endpoint law is exact for the
aggregated substep, not for the original joint random-clock dynamics. In general
physical and rough affine generators do not commute. Aggregation, sampled clock
increments, the endpoint-only stock tilt and state-area quadrature require grid-
convergence checks. The configured initial and final financial substep counts are
four and sixteen. Increasing them does not refine the physical £ bank grid.

Conditional variance structure. The fair-variance decomposition (4.156])
still applies. Conditional on the future £ path, define for s > 0

Cs = Bis + B(Peys — ¥,
ms = e © [Q + / eCr (ot dr 4+ 9 dbg,)
0

Here my is the conditional ( mean. The expected physical and rough areas are re-
spectively the clock-path expectations of fOAt msds and fOAt msdtyis. Both remain
affine in current (¢, but depend on the future clock path, not generally just its
terminal value or its mean. No calibrated VIX accuracy or variance convergence
follows without numerical checks.

(4.165)

Bilinear feedback through the rough affine variance state

This extension returns to the rough-only ¢ dynamics of Section The additional
physical drift and diffusion of ¢ in Section are absent. Instead, ¢ changes the
physical Heston variance weight and the mean reversion of the clock driver. The
two added coefficients are H¢ and k¢, corresponding to the code names H_zeta and
kappa_zeta. The domestic discounted-stock characteristics are

Eqld¢] = [0 — (/-@ + keQ)E] dt d(§) = 2€dt,
Eqld¢] = (9 — BC)dr, d{¢) = 2¢ dv,
EqldS] =0, d(¢, ¢) =0, (4.166)
As) _ %[((% +HC)E + 3¢)dt + W ] | |
d<25> = p/H+HeCEdt, d<CS’S> = NVVY (.
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The factor 1/2 is retained for every stock-variance contribution, including H£( dt.
The new drift contribution is —k¢{(dt. These are separate parameters; neither
coefficient determines the other. Setting both to zero gives .
The boundary clock retains its canonical normalization,
t
t = lim 9(1;0)/ 1{55<6}d8, 0<b<1, (4.167)
el0 € 0
where & now has the feedback drift in (4.166). The configured deterministic business
clock and expiry-speed map still determine ¢ from calendar time. Market forwards,
discounts and implied-volatility maturities retain their source conventions. There
is no magic clock in this specification.

Correlation convention and boundaries. The physical stock channel with
variance (H + H¢()€ dt/2 shares the physical ¢ innovation with correlation p. Its
residual noise and the X{ dt/2 stock noise are independent of both state drivers.
The rough stock channel shares the rough ¢ innovation with correlation 9. Thus
the total physical £—stock correlation, where its denominator is positive, is

p\/ (" +HcQ)E (4.168)

(H+HO)§ +X¢

The state cross-bracket remains zero despite the dependence created by feedback.
For the nonsticky boundary construction, dt and dt are mutually singular, so the
two channel correlations need no additional constraint coupling them.
Nonnegative variance over the whole unbounded state domain requires H, H¢, X, ¥ >

0. Initial states and ¢ are nonnegative, with |p|, ] < 1. The reuse of the exist-
ing nonnegative-reversion clock sampler requires s, > 0; this is an identified
sampler domain, not a claim that negative reversion cannot define an SDE. The
rough reversion 8 remains signed. There is no reciprocal variance singularity and
no restriction ¥ > 1: 9 = 0 includes the absorbing zero-state atom. These local
conditions alone are not a proof of global nonexplosion or stock martingality for
every feedback parameter choice. In particular, stronger mean reversion of £ also
changes the speed of the clock that drives (.

Stock-measure drift and dimensions. Adding the stock-state covariance
divided by S to each domestic drift gives the local stock-measure characteristics

B¢ [de] = {9 - (/@ + ¢ — p\/m) g} dt,

(4.169)
Eeld(] = [0 — (8 - nv¥)(| dr,
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The constant drifts and state quadratic variations are unchanged. Unless the
square-root term degenerates, the first line is not a reversion coefficient linear
in (. Consequently this extension is not closed under the earlier constant affine-
parameter numeraire map. No additional drift term is introduced to force such
closure.

The original dimensions in (4.153]) remain in force. The additional ones follow
by matching the existing variance and reversion weights:

H ) =T03, [k =T%2 M =T72 [ke¢]=T""  (4170)

The model parameter list is the original eleven entries together with H_zeta and
kappa_zeta. It excludes evar_zeta_physical, vartheta_physical, beta_physical,
and rho_physical from the preceding smooth-( experiment.

Accepted numerical plan and carried first contact. An independent
precomputed ¢ and boundary-clock bank is no longer valid when k¢ # 0: future
clock increments depend on the evolving ( state. The accepted treatment advances
the existing physical intervals sequentially. At each interval start it freezes ¢ in
the two coefficients k + k¢¢ and H + H¢(¢. The user’s correction is to retain the
first contact in the mean-reversion-adjusted coordinate, rather than retaining an
absolute physical contact time or resampling an unconsumed contact.
Define

t t
Kt = / (’Li + KCCS)dSa qt = / estS, }/l]t = etht. (4171)
0 0

The time-changed state satisfies dY = 6 dg+ \/ﬁqu. Its first-contact target gni
is retained until reached. At a physical interval start, the equivalent local residual
is

e = e K (quie — 1) (4.172)
For the frozen rate k = k + rk¢(; and interval ¢, the local transformed duration and
untouched residual update are

ekd —1
0
with @ = 0 at k = 0. A contact occurs within the interval when r, < a; its physical
offset is log(1+kr.)/k, interpreted as r; at k = 0. The local residual representation
avoids forming large exponentials of accumulated K;. A newly sampled contact has
local residual & /G, G ~T'(1 —60,1). Keeping a target for accumulated K; alone is
not equivalent to keeping gui; when the rate changes: ¢ integrates e’*.
The native-Torch contact-conditioned affine endpoints and the existing weighted
boundary-clock approximation are to be used with this carried target. The con-
figured number of rough-( financial steps is unchanged. FExisting internal clock

a= Fips = e (ry—a) ifr, > a, (4.173)
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substeps retain their numerical condition k9§ < 1/2, now evaluated for each path’s
frozen rate; this is not an added financial parameter bound. The observation grid,
backend, quote target and endpoint-stock formulas are retained.

This frozen-coefficient joint step is an approximation of the coupled dynamics,
not an exact joint transition. Its drift, variance and conditional stock normalizer
must all use the same frozen coefficients. The carried contact is latent future in-
formation, not an observable conditioning variable for stock pricing. The stock
endpoint tilt therefore retains the unconditional affine endpoint cumulant given
the observable starting state, not the cumulant of the contact-conditioned bridge.
Forcing conditional stock mean one given the future contact could remove the in-
tended stock—contact dependence. Implementation must verify the joint transition,
contact retention, observable-state stock mean and raw forward errors; a mean-one
assertion in the enlarged contact filtration would not suffice. The implementation
advances the coupled states jointly and therefore does not reuse an independent
clock bank across (-parameter trials. Tests cover retained contacts, endpoint mo-
ments, observable-state stock means and exact recovery of the preceding model at
zero feedback. These checks do not establish convergence of the finite-grid coupled
approximation; calibration and raw forward diagnostics are reported separately.

Fair variance. The conditional expected integrated relative stock variance over
[t,t + At] is

1 t+AL t+At
iEt [/t ((7‘[ +Hels)és + ECS)dS + \’)/t (s d?s} . (4.174)

The feedback makes the future clock depend on the variance-state innovations.
Therefore the earlier conditional-¢ formulas based on a clock generated indepen-
dently of those innovations cannot simply be reused. This expectation requires a
calculation for the coupled process. No fair-variance accuracy or calibration result
is asserted here.

A power of rough affine variance in the physical stock
channel

This extension of Section [.I]replaces only the physical stock-variance contribution
Y(dt/2 by X¢Ydt/2, with v > 0. The state dynamics, clock, correlations and
rough stock-variance contribution are unchanged. In particular, ¢ still evolves
entirely in the boundary clock; there is no added physical ¢ drift or diffusion and
no &£(C feedback in the clock driver. The domestic discounted-stock characteristics
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are

Eq[dg] = (6 — r&)dt, d{€) = 2¢ dt,
Eq[d¢] = (9 = BQ)dr, d{¢) = 2¢ v,
]Ed[dS] = 07 d<§7 C> = 07
sy 1 (4.175)
M%€>—p¢ﬂﬁﬁ, M%§>—n¢@¢m.
All stock-variance weights retain the factor 1/2. The rough clock is
o(1—0) [

Internal physical time ¢ retains the configured deterministic calendar/business map
and expiry-speed settings. Source forwards, discounts and implied-volatility matu-
rities keep their market conventions.

Correlations, measures and the zero boundary. The Y(” stock channel
is independent of both state innovations, just as the original 3¢ channel. Therefore
no new state—stock covariance or numeraire drift is introduced. The total physical
&—stock correlation, where defined, is now

HE
N rer s (4.177)

The stock-measure drift identities remain
ki=kK—pVH, Br=B-0VY, 6 =0, =71 (4.178)

These are local measure-change identities, not a global martingale theorem for
every parameter regime.

The base parameter domain is unchanged, with the sole additional condition
v > 0. In particular, ¥ > 0 has no lower Feller restriction of one, and f§ is
signed. The value at zero is exactly 07 = 0; there is no state floor. Fractional
powers can have a singular derivative at zero, so ordinary smooth Ité formulas for
the transformed state must not be used across an attainable boundary without
justification. Pricing does not transform the ¢ SDE: it evaluates the nonnegative
power only in the stock-variance integral. The exact absorbing atom at ¥ = 0 is
therefore preserved.
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Dimensions and a level-matched comparison. The new code parameter
gamma denotes the dimensionless exponent . The original eleven parameter names
and their meanings are retained. Since [¢(] = T'7¢ and stock variance has units
T~ only the dimension of ¥ changes:

h=1  [E=7"'70"9, (4.179)

At v = 1 this reduces to 7?2 and the original model is recovered exactly. At a
positive reference state, a comparison that holds the physical stock-variance con-
tribution fixed may start with

Enew = 2oldCO —’y) ZHGWC(’]Y = ZoldCO- (4180)

This is a transparent parameter initialization, not a sample-dependent price ad-
justment or a constraint during fitting. Relative to that matched level, 0 < v < 1
raises the contribution at smaller positive ¢ and compresses it at larger ¢. It does
not remove an atom at zero. Over a narrow observed state range, changes in ¥
and ~ can partly compensate, so a small objective change alone does not establish
that the exponent has been identified.

Finite-grid calculation. Keep the base model’s native-Torch affine transi-
tions, ROCm backend, physical grid, sampled boundary-clock bank and fixed num-
ber N of financial steps. At a ¢ substep with physical length 0t and endpoints
Gi, Cit1, replace only the physical independent stock variance by

6t
AVe = —= (G +¢) - (4.181)

This is the trapezoid of the endpoint powers, not the power of a state trapezoid.
The correlated £ and rough-( stock factors retain their existing analytic affine nor-
malizers. For the independent physical channel, conditional on the state path and
its variance Vg, the stock factor exp(—Vs/2 + +/V5Z) has mean one for an inde-
pendent standard normal Z. Conditional lognormal payoff integration therefore
remains unchanged. No empirical normalization or new sampler is required. At
~v =1 the original implementation is the exact numerical nesting target, including
random draws and prices.

The clock approximation, endpoint stock tilt and variance quadrature remain
finite-grid approximations. Initial fitting keeps the established lower-path proce-
dure and four financial steps; confirmed raw pricing uses at least 220 paths, sixteen
financial steps and no control variate. Every fitted expiration retains its forward
and parity checks. This specification does not assert that implementation tests or
the new calibration have completed.
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Conditional fair variance. The conditional expected integrated relative stock
variance is

1 t+At t+At i+At
§Et {7—[/ Esds + E/ ¢)ds+ Y)/ (s dts} . (4.182)
t t ¢

Only its physical-¢ component changes. For a given future clock increment the
affine ( transition is unchanged, but the required quantity is its fractional moment
E[S | Fi, Av], not (E[¢s | Fi, Atg])?. For 0 < v < 1, concavity makes the
latter an upper bound when the expectations exist. The result must then also be
averaged over the future clock distribution. The physical contribution is generally
no longer affine in the initial (. No additional fair-variance approximation or VIX
convergence claim is introduced here.

Physical affine variance with logarithmic rough drift

The physical affine driver £ generates the canonical boundary clock t. A second
state ¢ has physical square-root diffusion and power diffusion in that rough clock.
The discounted stock has one physical variance contribution from each state and
a rough variance contribution from (. Its domestic characteristics are

Eq[d¢] = (9 — k¢C)dt — 3¢ log(¢/V)dr,

d(¢) = 2¢dt +w¢Par,
Eq[dS] =0, (€, ¢) =0,

dé? = (Hgf + Hgg)dt + N dr, (4.183)
d(€, S)

S :pgx/QHgfdt,

57’S> = P<\/2H§Cdt+ NVIIV T dr.

In particular, the physical second stock term is H¢(, not a constant, and its covari-
ance is linear in ¢. There is no overall factor 1/2 in the displayed stock variance.
The clock normalization is

d

—~
LA

0(1—06) [
ty=lim——= | 1 ds, 0<6<1. 4.184
b0 € /0 {€s<e} ( )
The correlations refer to the corresponding stock-variance channels. The physical
state noises are orthogonal. Taking the channel correlations in [—1,1] gives a
positive semidefinite covariance matrix; a channel correlation need not equal the
correlation with the total stock noise.
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Change of numeraire. The local stock-numeraire drift adds each state-stock
cross-bracket in (4.183]). For ) > 0, this stays in the same drift family under the

parameter changes
Kt = Kk — pgy/2Hg,
Kef = ke — pey/2H,

(4.185)
DW) |

)«'f:)’eXp< ;

All shapes, diffusion coefficients and powers are unchanged. When ) = 0, the
additional rough drift is ¥v/NW(Ydt and cannot generally be represented by a
finite target shift while keeping 3 = 0. These are local drift identities. True
martingality of the continuous stock additionally requires the relevant integrability
and boundary conditions; it does not follow solely from writing a locally normalized
numerical stock factor.

Parameters and boundary qualifications. Require v, (y, ¥ > 0 and non-
negative k,&o,V, He, He,N,¥,); k¢ may be signed. No additional Feller floor is
imposed on . These sign restrictions are not a general existence theorem for every
power. The physical square-root component can reach zero when its Feller char-
acteristic is below one; logarithmic drift acting only in ¥ does not automatically
prohibit such a physical-time hit. Although ¢7log(¢/y) tends to zero for v > 0,
the separately frozen coefficients below can be undefined at zero. A numerical can-
didate with an undefined active coefficient is rejected, not repaired by a positive
state floor. This is a restriction of that approximation at the encountered state, not
an asserted financial bound. Inactive-clock and zero-coefficient terms are omitted
before evaluation.

The physical normalization d(¢) = 2¢dt + --- implies [¢] = [(] = T, while
[ = 7', Thus

[He) = [H] =T7% [s]=[r]=T"7",
[N =12, (W] = 70272, (4.186)
] =17, V] =T.

The shapes, correlations and exponent ~ are dimensionless, and the logarithm has
the dimensionless argument (/Y. The descriptor names are theta, kappa, xi_0,
zeta_0, vartheta, kappa_zeta, H_xi, H_zeta, he, evar, gamma, nun, ayin, rho_xi,
rho_zeta and ecorr, respectively.

The local affine approximation. The implementation keeps the existing
physical affine-driver/clock bank, native-Torch endpoint sampler and configured
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physical grid. The financial dynamics update once per physical interval, using its
full physical and rough-clock increments. At the interval’s starting state (;, freeze

VYV oo _
6 =5G"" b= log(G/Y). (4.187)
With the full interval increments 6t and %, form

Di = 0t + qiét, Az == 195t,
Bi = k6t + biov, Vi = 2(H3t + ndv), (4.188)

K; = IOC‘/2HC Ot +14/2Ng; OF.

For D; > 0, use the existing affine transition of duration D;, shape A;/D; and
rate B;/D;. This reproduces the requested infinitesimal coefficients at (;. The
transition is exact for the frozen affine step, not for the full nonlinear dynamics. The
stock tilt has effective correlation K;/+/D;V; when defined. Cauchy-Schwarz gives
KZ2 < D;V; under the channel correlation bounds. The factor two in V; converts
the displayed stock variance to the established helper’s factor-1/2 convention.

The stock endpoint multiplier is chosen to match the affine endpoint mean
under the stock numeraire. Consider the local affine transition

dX = (a — bX)du + V2X dW,
d{s)

? ZUJXdU,

Its stock-measure rate is by = b — rv/2w. Write decay(x) = (1 —e™")/z, continued
at zero by decay(0) = 1. For a duration du, set

(4.189)
d<)§’ 5) = rv2w X du.

¢ = du decay(bdu), n = Xoe (4.190)
mq = n + ac, me = Xoe "% + adu decay (bgou). .

The domestic endpoint log moment-generating function and the stock multiplier
are

ngq

K(q) = —alog(l —
(q) = —alog( cq)+1_cq7
2(mf—md)

g= , (4.191)
c <2mf —ac+/(ac)? + 4nmf)

R(X1) = exp(¢X1 — K(q)).

For the nondegenerate affine transition, this chooses the moment-generating do-
main ¢q < 1 and solves K’'(q) = m;s. Consequently

Eq[R] =1, Eq[X1R] = ms, (4.192)
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with initial state and local coefficients fixed. Zero-duration, inactive-stock and
absorbing-zero cases retain the limit R = 1. The endpoint factor is an approxi-
mation to the conditional stock return matching these two moments, not its exact
conditional law.

For the £ contribution, use (a,b,w,r) = (6,k, He, p¢) and ou = 6t. For the
combined ¢ contribution, use (a,b,w,r) = (A4;/D;, B;/D;,V;/(2D;), K;/v/D;V;)
and du = D;. Thus the combined stock-measure rate is (B; — K;)/D;, or inte-
grated rate B; — K;. The moment identities for £ use its affine marginal endpoint
distribution; they do not assert the same identities conditional on the rough-clock
increment generated jointly with that endpoint. For {, they apply to its frozen
affine transition with the sampled interval inputs fixed. They do not establish
exact finite-step stock moments for the full nonlinear model.

The conditional residual lognormal variance is unchanged and its factor has
mean one. Neither factor uses a sample mean or an empirical forward correc-
tion. Trapezoidal integration is retained for each interval’s physical and rough
fair-variance contributions, separately:

Gi+ Gyt

Veu = Hebt S35 61, = ot Si ¥ it

5 (4.193)

Degenerate inactive channels retain the deterministic limits. The full increments
are used in one update; this physical-plus-rough-clock model has no magic-time
integration or financial-substep parameter. Clock sampling, freezing, endpoint tilt
and area integration remain finite-grid approximations whose convergence must be
checked on the configured grid.

Implementation correction, 2026-10-16. A four/sixteen subdivision set-
ting had been carried over from magic-time models without authorization. That
setting is removed for this model. Earlier calibration and pricing comparisons
using it are retained as historical evidence, not as results for the corrected inter-
val update; those parameters and comparisons require repricing. The subsequent
endpoint-factor correction replaces the normalized trapezoidal exponent by ,
matching both moments in for each local affine law. It does not change the
residual variance or the configured grid. Prices and timings recorded before this
endpoint correction likewise require repricing.

Calibration and variance diagnostics. The separate notebook displays
these dynamics before its editable parameter descriptor. A nested expiration-date
dictionary retains the expiry-speed parameters: the first speed is fixed at one, and
the remaining speeds are available to the joint fit. This changes internal dynam-
ics without changing the quoted forwards, discounts or option implied-volatility
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maturity convention. The initial comparison uses the 2026-10-05 reported closing
prices and all 33 expirations through 2026-12-31, within the explicitly configured
three-month limit. The established volume/bid/ask target includes calls and puts,
ITM and OTM, at every supplied strike with positive weight.

Fitting uses direct stock simulation with Torch sorting and cumulative sums
to price all supplied strikes. Confirmation and all displayed fit plots instead use
conditional payoff integration with 22° paths. The current and retained train-
ing errors, confirmed error and evaluation counts are distinguished. A provisional
direct-pricing improvement does not replace the confirmed plot set; the latter re-
mains visible while a candidate is checked.

The fitting grid starts with four quarter-day intervals, two half-day intervals
and two one-day intervals, followed by intervals of two, three, four and five days,
repeating five-day intervals thereafter. These durations are measured in business-
adjusted physical time before applying the fitted expiration-speed map, and ev-
ery expiration is inserted as an exact grid point. The exposed fitting stages use
215 917 920 paths with maximum intervals of five, two and one adjusted days, re-
spectively. The confirmation grid has intervals no longer than one adjusted day on
that same pre-speed axis. Each resulting interval receives one state update; there is
no inner magic-time subdivision. A configurable trigger, initially two unsuccessful
confirmations at the current fitting precision, permits early promotion to the next
finer fitting stage.

Every result states its estimator, path count, grid and control policy. The
existing forward control variate may be used in both training and confirmation.
Controlled and raw normalized errors remain separate, and the shared ROCm
GPU runs one calculation at a time. For every expiry, raw forward errors with
their Monte Carlo standard errors, and raw parity errors, are computed from the
unadjusted simulation without controls. These diagnostics and the simulated stock
paths are not changed by applying the payoff control.

Conditional fair variance would require the expectation of

t+At t+At
/ (He&s + HeGs)ds + ﬂ/ (s dis. (4.194)
t t

The logarithmic drift and power diffusion do not imply an affine conditional ex-
pectation for (. No closed-form fair-variance approximation, VIX result or new
calibration improvement is asserted by this specification.

Symmetric logarithmic variance

This section records the model specification and numerical procedure. The com-
bined conditional-Gamma construction below is implemented and calibration is
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ongoing; post-fit grid convergence remains to be checked. The preceding construc-
tion distinguishes the clock driver from the variance state. A symmetric extension
gives both states physical square-root diffusion and a boundary clock, and lets each
clock act on the other state. The indices are fixed as follows: A; belongs to a power
of &;, and each rough coefficient has the index of the clock multiplying it. For the
discounted stock in the domestic measure,

Eald&1] = (61 — r1£32€1)dt — 32672 log(&1/¥2)dta,
Eq[ds] = (02 — k2] €0)dt — 2163" log(&2/Y1)dby,
d{€1) = 261dt + W67 Lt (4.195)
(&) = 26adt + 0167 dby,
d(é1,62) =0,  Eq[dS]=0.
The stock variance and state—stock covariances are
d(s)

2 (H 22 + H2§2/\1§2> dt + N2&1dvy + N1&adhy,

<£1’ = p1\/2H1€22€1dt+ Nay/ .12\’)2 2dds, (4.196)
<§27 P2/ 2HoEM Exdt 4+ 111/ 11 V167" dR .

Thus p; and 1; are correlations with their respective stock channels. Independent
state noises and channel correlations in [—1, 1] produce a positive semidefinite in-
stantaneous covariance. A channel correlation is not the correlation with the total
stock noise. There is no overall factor one half in the stock variance.

Clocks and the corner. The intended normalization of each boundary clock
is

. 0:(1—6;)
ti(t) = 151331 601,/ Lie, ()<} ds, 1ge,>0ydt = 0. (4.197)
The proposed domain is
0<6; <1, 0<by<1, 01+ 605 > 1. (4.198)

Each state is intended to reach its own boundary, while simultaneous zeros are
intended to be excluded. For this mutually rough system the last inequality is
an imposed condition, not an established corner classification: the independent
affine-pair argument does not by itself cover the additional boundary drift and
diffusion. Existence of the coupled clocks and their joint boundary behavior require
verification.
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Local numeraire closure. The factors 2)\; in stock variance make the physical
state—stock drift adjustment proportional to the existing reversion term. For ¢ # j
and ); > 0, the stock-numeraire changes are

JAFRWARKA K
0; = 0i, Ky = ki — pin/2H;, V; = Yjexp <]3”> : (4.199)

J

The remaining state and variance coefficients are unchanged. Quoting 1/S under
the stock numeraire reverses the stock-channel correlations. These are local drift
identities, not a proof of a valid global numeraire change in every parameter regime.
If 3; = 0 and the rough covariance is nonzero, the added g]ﬂ' dt; drift cannot be
absorbed into a finite shifted Y;; closure at that special case requires a separate
coefficient of that power drift.

Dimensions. With [§] = T and [t;] = T'~% the dimensions are

[0:] = [Ni] =[] = [pa] = 23] = 1,
(il =T, [H] =T7>7%, (4.200)
V] =T, ;] = 1%, .
(] =T%72, W] =T%"2 i)

The target in the logarithm therefore has the same dimension as the state on
which its clock acts. Changing a shape or a power changes the dimensions of the
corresponding dimensional coefficients.

Signed feedback powers. The exponents A1, A2 may be negative. For \; < 0,
the corresponding initial state &; o must be strictly positive. The existing frozen-
coefficient transition is retained; no state floor, coefficient cap, or replacement
boundary rule is added. Negative powers are singular at zero, so permitting them
numerically does not establish global existence or boundary integrability of the
coupled model. In particular, 8; +2); > 0 is a local affine occupation-integrability
heuristic, not a proved admissibility theorem for this system and not an imposed
parameter bound.

Requested fresh-touch approximation. At each configured outer inter-
val, start from the actual current pair and freeze m{j-‘j in the local physical affine
touch calculation. Draw fresh candidate touch times, with feedback from a touch
of the other state inactive in that local calculation. Use the temporary draws only
to determine the interval’s rough-clock increments, complete one coupled state up-
date, and discard the candidate times. The next interval redraws from its updated
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pair; it does not retain an independent clock bank or a countdown from a previous
interval.

Combined conditional-Gamma transition. Let C; denote this interval’s
physical contact record, and retain the existing conditional noncentral-Gamma pa-
rameters (¢;, s;,7;): shape, scale, and noncentral mean. Their moment-generating
function is

Gi(vCi):(l—siv)CieXp< 1Y ) (4.201)

1—s;v
The ordinary physical CIR endpoint MGF is G;(v) = E[G;(v | C;)]. Let u; be the
existing physical stock tilt that matches the local stock-measure endpoint mean.
Freeze the nonlinear rough coefficients at the current state pair and combine the
full interval inputs:

2y, —2 i—1
g =397, b =38 log(&/Y;),
D; =s; + qidtj, A = C;Si, (4.202)
Bi = bi<5tj, Jz = Dj\/Qﬂjqi(S?j, ) 7é ]

Define ¢(B) = (1 — e~ B)/B, with ¢(0) = 1. Draw one endpoint X; from the
noncentral-Gamma law with shape A;/D;, scale D;¢(B;), and noncentral mean

r;e~Bi; use the deterministic limits where necessary. Its log MGF is
A; rie~Biy
Ki(v) = ——log(1 — D;¢(B; —_. 4.203
i) =~ oa(1 = Dib(B)w) + o (420)

Physical conditioning is retained in (¢;, s;,7;) rather than replaced by an uncondi-
tional CIR endpoint. The combined draw is not a physical update followed by a
rough update.

The physical conditional Esscher inputs and the local stock-measure target are

s AS = G S — pSe=(Bi=Ji) 4 AS4(B. — J.
T (1 _ 51‘“2')2’ 7 1— 31‘”1'7 m; e + 7 ¢( 1 Z)'
(4.204)
Choose v; satisfying K/(v;) = mf using the existing closed-form Gamma mean-
matching solve. Retain the physical likelihood factor carried by the contact record:
Gi(ui | Cy)
Gi(ui)
Conditional on the interval-start pair, the physical contact records are independent,
and the endpoint Gamma draws are independent given both records. Therefore

EW;] =1, E[R; | C1,C3] =1, E[R] =1,
E[XZR ‘ 01,02] = W1W2m;9.

Wi = RZ' = eXp(UiXi — Kl(vl)) y R = W1W2R1R2. (4.205)

(4.206)
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These identities are analytic properties of the local transition, not normalizations
estimated from the simulated sample. At §t; = 0, the merged Gamma parameters
reduce exactly to (¢;, si,7;), v; = u;, and

exp(u; X;)
Thus the original physical endpoint factor is recovered exactly. No new quadra-
ture is required for this construction; the existing native Torch Gamma and clock
primitives are retained.

There is one combined state update per configured outer interval, no magic
clock, and no internal subdivision. The frozen coefficients and independently pro-
posed contact records remain a finite-step approximation to mutual feedback. In
particular, mf is the local approximation’s foreign-mean target, not an assertion
of the exact finite-step mean of the continuous nonlinear SDE. Distinct touches
inside one interval are retained and are not interpreted as simultaneous zero states.
Undefined active coefficients must be reported rather than replaced by a state floor
or silently clipped.

W;R; = (4.207)

Direct stock sampling at requested expirations. The direct estimator
accumulates the conditional log-forward L and residual variance V along the config-
ured state intervals. It draws one independent stock residual normal per requested
expiration rather than per outer interval. For successive requested expirations T},

My = Mi_1+ Vi — Vi1 Z, log(St,/S0) = Ly — Vi + My, (4.208)

where My = Vp = 0 and the Z; are independent standard normals, independent of
the state and clock draws. Carrying M} forward preserves the conditional resid-
ual dependence across maturities. Independently redrawing the entire accumulated
residual at each expiry would not do so. This requested sampling convention leaves
the state paths and grid unchanged and is implemented with the combined transi-
tion above.

Initial calibration experiment. The separate three-month experiment uses
2026-10-05 end-of-day reported closes and all 33 available expirations through
2026-12-31, within the explicit 2027-01-05 maturity limit. The established vol-
ume/bid/ask target includes positive-weight calls and puts, ITM and OTM, at
every supplied strike. A nested expiration-date speed dictionary has one fixed unit
anchor. Internal time rescaling does not change quoted forwards, discounts, or
implied-volatility maturities.

The intended existing fitting procedure uses direct stock simulation and native
Torch sorting and cumulative sums. Progressive fitting samples use 215, 217 and
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220 paths. Ongoing confirmation and published fit plots use conditional payoff
integration with the explicitly configured 2'° paths. The user permits smaller
samples when their Monte Carlo errors are sufficiently small; the path count must
remain explicit. Final pricing and the later time-step convergence study retain at
least 220 paths. The configured grid begins with quarter-day outer intervals and
becomes coarser later; confirmation intervals are at most one day on the configured
pre-speed axis. There are no internal substeps. One calibration at a time uses the
shared AMD/ROCm GPU through Jupyter. The starting experiment retains the
existing identity calendar-time base clock, followed by the fitted expiration-speed
map.

The existing payoff control variate is allowed, while raw forward errors, their
Monte Carlo standard errors, and raw parity diagnostics are computed from the
unadjusted simulation. Current and retained training errors, confirmation error,
evaluation counts, and the actual parameter descriptor remain visible. Every fit-
ted expiration has an implied-volatility and volume plot. The new model’s code,
checkpoints and results are separate from its asymmetric predecessor; no prior
calibration score is transferred without repricing these dynamics.

Time-step convergence after a reasonable fit. After obtaining a reason-
able fit, hold all model parameters and the fitted expiry speeds fixed. Use at least
220 paths and the same seed, progressively refine the outer intervals, and compare
option prices, the calibration target error, raw forward errors with their Monte
Carlo standard errors, and both clocks’ distributions and touch frequencies at each
maturity. A common seed does not imply identical state paths on different grids.
This later check is performed without recalibration; it does not change the current
fitting settings or introduce internal subdivisions.

Symmetric reciprocal rough drift

This separate variant preserves the two states &;,&s and their boundary clocks,
while replacing the logarithmic rough drift by a reciprocal-affine drift. The first
experiment fixes Ay = Ay = 0 and 71 = 72 = 2. The new coefficients J; and
1¥; are indexed by the state on which they act. The diffusion and stock-channel
coefficients ¥;, N;, D, remain indexed by the opposite clock, where j = 3—i. Under
the domestic measure,

Ed[dfi] = (QZ — Iii&)dt + [ngz + ‘()j (1 — 1;) 53:| d“j,

d(&) = 25dt + ;80 dv;, i g,
d<£17§2> = 07 Ed[dS] =0.

(4.209)
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The stock coefficients, with the same channel-correlation convention, are

d(S)

52

A&, 5) _ V2H Edt +0;/N, ;62 | # ]
—g =P &idt +035/N; Y87 dry, i FJ.

The two physical state channels and two rough state channels are orthogonal;
|pil, |M;] < 1 gives a positive semidefinite instantaneous covariance. These correla-
tions refer to individual stock channels, not to the aggregate stock innovation. The
boundary-clock normalization remains (4.197). The imposed domain 0 < 6; < 1,
01 + 02 > 1 has the same intended corner interpretation and the same unresolved

coupled-boundary qualification as (4.198)).

= (H1&1 + Ha&o)dt + Na&idia + N1 &adty,
(4.210)

Reciprocal state and Feller characteristics. For the rough component
alone, 1t6’s formula gives

Ui
Bald(1/6)]la, = (24 - 2 )

\0 .
A(1/E) gy, = L.

%

(4.211)

Thus ¥; is the Feller characteristic of the affine reciprocal. Equivalently, 2/(¥;&;)
has constant drift 9J; and quadratic variation twice its level in clock ?;, when ¥; >
0. Positive ); means positive linear rough drift of & and mean reversion of its
reciprocal. The coefficient ); may also be negative. This reciprocal is affine only in
the isolated rough component, not in physical time.

The local stock-numeraire parameter change is

07 =0;, kY =r;— pin/2H;,
(4.212)
N =0, 07 =00 - 205/, i

The formula for 19? applies to active rough diffusion, ¥; > 0. The affine reciprocal
avoids zero when its Feller characteristic is at least one; a finite inverse first moment
requires it to be strictly greater than one. The numerical model therefore requires

V; > 1, 99 >1  when ¥, > 0, (4.213)

without an additional arbitrary margin. These are rough-component conditions,
not a global existence or martingale theorem for the coupled model. If ¥; = 0,
the associated rough covariance and quadratic drift vanish, ¥J; is inactive, and no
division by ¥; is used. Inverting the stock quote under its own numeraire reverses
the channel correlations.
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Dimensions and starting-point map. With [¢] =T and [t;] = T'7%,

ki) =T"" H)|=T"?

il o Hi ) (4.214)
Pi] =T, [Ys] =[] =T

The shapes and correlations are dimensionless. Unlike the preceding model, the

new J; is state indexed and has a different time dimension. There is no logarithmic

target Y, in this variant. For a positive starting state and active rough diffusion,

the previous logarithmic fit gives the initialization
1+ 1oe| S0
+ log yod | | ° (4.215)
J

It matches the old rough drift and its first state derivative at &; o after setting the
old power to two. It does not assert equivalence of the two full models, particularly
when the old fitted ~; and A; differ from two and zero. A zero old logarithmic drift
maps to J; = 0, ¥; = 2. Inadmissible mapped parameters are reported rather than
clipped.

2)9ld
N =0, Wi=24

J

Retained numerical procedure. The implementation uses the combined
conditional-Gamma construction (4.201)— (4.207) with only the following frozen
rough coefficients changed:

V;
q; = %\’)jf?, b = -3 + \')j (2 — 1) & (4216)

Fresh physical contact records retain each state’s conditional endpoint law. Each
full opposite-clock increment enters the same combined transition once. The ana-
lytic contact likelihood and mean-matched endpoint stock factor retain their mean-
one identity for that local law. This remains a frozen-coefficient approximation;
the affine form of the reciprocal rough block does not make the combined physi-
cal/rough transition exact. No reciprocal endpoint split, new quadrature, internal
subdivision, or path batching is added. Direct residual stock sampling remains

([@.208).

Separate calibration comparison. The first comparison retains the 2026-
10-05 close target and its 33 expirations through 2026-12-31, within the explicit
three-month limit 2027-01-05. Only 91,92, 31,39 are fitted initially. Every other
coefficient and all retained expiry speeds are fixed, with the explicit exceptions that
Ai = 0 and 7; = 2 define the requested new variant. The existing volume/bid/ask
target, all positive-weight strikes and both option rights, Torch estimators, outer
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grid, and raw-forward diagnostics are preserved. Ongoing confirmations use the
configured 2'° paths; final pricing and subsequent fixed-parameter outer-grid con-
vergence use at least 229, The implementation, notebook, checkpoints, and results
are separate from the logarithmic model. The old model’s retained score is an
initialization reference only; this section asserts neither a completed new fit nor
grid convergence.

Symmetric power coordinates for smooth and rough vari-
ance

There are two states, each expressed in a smooth coordinate &; and a rough coor-
dinate (;. For ¢ =1,2 and j = 3 — ¢, set

G=26M 23>0, X\ #O0. (4.217)

Both signs of \; are allowed. These coordinate exponents are unrelated to the
preceding smooth-feedback exponents. In particular, the old choice of zero cannot
be retained here: it would make the coordinate transform constant. The four
symbols represent two states, not four independent diffusions.

Clock components and covariances. The defining affine variance normal-
izations apply to different clock components. The rough mean-reversion rate may
depend on the state:

Eald&i]lg = (0i — mii)dt, d(&i)lg = 26idt,

: 4.218
EqldGllg, = (0 — 2€CIY,  d{G)lg, = 2. 219

Here ?; is the boundary clock of the other smooth coordinate, with normalization
. The new exponents 7; € R multiply the rough mean-reversion rate. The
multiplier is §;, the state other than the clock driver &;, which is zero on the support
of dt;. Setting v1 = 72 = 0 recovers the preceding two-factor SDE. The corrected
numerical composition below need not reproduce the preceding merged finite-step
approximation. These exponents are distinct from the coordinate powers \; and
from the former logarithmic-model exponents. The domain 0 < 0; < 1, 61 +602 > 1
retains its intended exclusion of simultaneous zeros; as above, sufficiency for the
fully coupled boundary-clock system is not asserted. There is no magic clock.
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Under the domestic measure the discounted stock has zero drift and

d(S)  Hi& + Ha6o Y1 Yy
_ dt + —dty + ——d
[ 2 * 2¢1 R 2G2 .
d iaS
<§S )| et (4.219)
dt
W5 w0
d?]‘

All coefficients in this variant are state indexed. In particular, ¥; scales the rough
stock channel associated with (;, and 1; is that coordinate’s stock-channel corre-
lation. The correlation of the corresponding &; rough noise is instead sign(\;)N;.
With independent state noises and |p;|, [9;| < 1, these are component Brownian
correlations and give positive semidefinite covariance. Positive YJ; corresponds to
negative rough variance—stock leverage.

The full £ equations on the positive interior follow from It6’s formula:

11— (0. . Ui —1+ 1/)‘i 1-X; i 1+y; ]
Eq[d&] = (0; — ki&i)dt + Ao & - X\ & dtj,
d(&)) = 2idt + o€y, (4.220)
d (2 Dz \,)z s
M = piv/ H;&dt + Ff} /\Zdtj.
S )\iDi
Conversely, the induced smooth terms of (; are
Ed[dCint = )\1(91 + A — 1)? — Ak G| dt,
¢?
d{G)] g = 2)\Z2£—fdt, (4.221)
(¢, S
<CS ) Xipiy/ HiGidt + 0i/;dy;.

Consequently neither coordinate is generally affine in the full combined dynamics.
For negative \;, the rough stock coefficient 1/(; vanishes as &; tends to zero; for
positive \; it diverges. The intended boundary protection in the latter case is
inactivity of the opposite clock. This support observation alone does not establish
integrability near the corner.

Numeraire changes and dimensions. The parameter family is locally
closed under the stock-numeraire drift change:

Ii? = k; — pi/ Hi, 19;9 =; + Dl\/\’TZ (4.222)
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The parameters 60;, \;,7;, i, d; are unchanged. An inverse stock quote reverses
the channel correlations. At v; = 0, the pure rough affine channel has the usual
zero-boundary threshold one, and finite inverse first moment requires its Feller
characteristic to exceed one. The comparison retains 19; > 1 and 1915 > 1, with no
arbitrary additional margin. These rough-channel requirements and the local drift
identity do not prove global existence or martingality for the coupled model. For
nonzero ;, the additional rough-coordinate drift is

_Ji:);%/)\icz‘l+%/)\i- (4223)

It vanishes at (; = 0 when 14 ~;/\; > 0. At exponent zero, it shifts the constant
boundary drift to 9J; — J;9;, with the corresponding stock-measure shift as well.
At a negative exponent it is singular unless ); = 0. Consequently the retained
conditions ﬁi,ﬁf > 1 alone are not sufficient in those latter regimes. Both signs
of ~; are permitted without an arbitrary exponent bound; a finite numerical step
does not establish boundary stability or finiteness of moments.

The normalization fixes the dimensional assignments

(6] =T, [ =[Gl =T"%,
ki) =T, [H;]| = T2, (4.224)
3] =T'%7N, D] =T ] =1

The shape parameters, exponents, correlations and expiry speeds are dimension-
less. In particular, the new rough stock coefficient ¥; has a different meaning and
dimension from the preceding clock-indexed rough state-variance coefficient.

Exact nesting of the preceding reciprocal coefficients. For positive
old rough state-variance coeflicients, the preceding reciprocal variant is recovered
at )\i:—l, ’inOby

2 4

Di:w7 Wz‘*w7
j J

n;=-n9d,  H;=2HM, = j=3-i
(4.225)
All initial states, smooth shapes and rates, rough shapes and rates, smooth cor-
relations and expiry speeds remain unchanged. The factor two in H; accounts for
the one-half stock-variance convention in (4.219). This is an exact SDE and frozen
coeflicient identity; it does not imply equality of prices computed with different

finite-step schemes or a completed new calibration.

Four sign regimes. The comparison treats (sign A1, sign A2) € {(—, =), (—,+), (+, =), (+,+)}
as separate calibration regimes. Zero is a singular coordinate map, so a local fit is
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not expected to connect these regimes continuously. For a coordinate sign reversal
at a positive starting state, keeping ~; fixed, a matched initial point is obtained
from

. 2(0; — 1
No==Ni, =20, N=-)+ (Cz;%) (4.226)
) 1,
All other coefficients remain unchanged. This preserves (; o, the local state drift
and variance, and the rough stock variance at the initial state. At v = 0 it

is exactly the previous sign-flip map. It does not preserve the whole process or
option prices. Keeping 1; as the (;—stock correlation reverses the rough &—stock
covariance when the power sign changes. Each regime has its own sign-preserving
exponent descriptors, checkpoints, calibration notebook and live page; there is
no finite bound on exponent magnitude. Each page reports that regime’s own
current and retained errors, parameters and plots, without substituting another
sign regime’s result. Calibrations run sequentially on the GPU.

Smooth-coordinate and reciprocal-coordinate simulation. The nu-
merical revision conditional_physical_xi_then_equilibrium_rough_zeta_v2 uses
smooth transitions in ¢ and rough transitions in (. For each configured outer in-
terval, first redraw the two contact records with rates x; and draw both smooth
endpoints &™ using the existing touch-conditioned affine law. The established
smooth conditional stock factor, analytic contact likelihood and residual variance
retain the stock weight H;/2. After both smooth draws, the rough block starts
from

S (e u =AY, j=3—i (4.227)

A zero opposite-clock increment is the identity and requires no coordinate powers.
For positive u, the treatment of the rough drift depends on the existing coefficients,
without adding a fitted parameter.

When ¢; = v;/A; > 0 and J; > 0, set

. N 1/ (+as) A
¢ = %7 a; =%3; ", Gu= (7%) , Ki= o (4.228)

a;
The rough drift has the exact decomposition
9 — ;)T = (0 — KiG) + (KiG — ai¢; 7). (4.229)

Both deterministic pieces have zero drift at ;. This level is not the stationary
mean of the stochastic process. The second piece admits the exact flow

a; —1/%‘
Fip(z) = e @Kihy—ai 4 ?‘(1 — el . (4.230)

’ .
(3
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The rough update is

G =Foupp(@™), Vi~ CIR(Gous 05, Ki,2), (P = Fp(Yi),  (4.231)

7

where the CIR notation denotes the retained afline transition with drift 9¥; — K;Y
and quadratic variation 2Y du. The deterministic maps are evaluated in logarithmic
form. They surround one existing noncentral Gamma draw; they do not add outer
intervals, rough-clock samples or random transitions. As ¢; tends to zero from
above, K; tends to J; and Fjj to the identity. Thus this correction approaches the
original exact affine rough step continuously.

For ~; = 0, the original exact affine rough step with rate J; is retained directly.
If 3; = 0, its zero-rate transition is retained. All other cases outside the corrected
branch retain the previous rate

b= (g™

frozen over the rough interval. In particular, the correction does not resolve the
accuracy or boundary behaviour of ¢; < 0 or negative );. A damping-only split at
q; < 0 could artificially reach zero even when the complete rough drift repels the
boundary; it is not substituted into those regimes.

For notation common to both branches, put b; = K; in (4.231). In the un-
changed branch put ¢; = ¢¢™ and (*** = Y;. The CIR endpoint has shape ¥;, scale
ug(bju) and noncentral mean Cie %%, where ¢(v) = (1 — e~?)/v and ¢(0) = 1. In
either branch the state is then mapped back by

1/
next _ Clnext /
7 Di .

Both states use the same smooth-then-rough staging, and contact records are re-
drawn from the resulting states at the next configured outer interval. There are no
extra physical-time subdivisions or magic-time substeps.

The existing reciprocal conditional stock-mean approximation supplies a rough
stock factor R; from the intermediate CIR endpoint Y;, not from its final nonlinear
image. Its analytic normalization and CIR stock-measure mean match are

Eq[R; | @»U] =1,

- - (4.232)
Ea[RiYi | Giu] = Ge " + 0 ug(bu), 97 =0 + DiV/V;.

The deterministic maps leave the stock unchanged and preserve the first identity.
The second identity does not assert an exact match of Eq[R;("**'] or Eq[R;£M] to
the full nonlinear stock-measure transition. The retained exponential endpoint tilt
matches a CIR first moment, not its entire changed-measure law. These nonlinear
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moments and finite-step numeraire consistency must be checked numerically. The
correlation YJ; retains its signed (;—stock meaning; in &; coordinates the correspond-
ing correlation gains sign(\;).

The residual rough log variance is approximated by

<1—n?>";"EdUO“%

where the expectation is for the intermediate affine CIR block. The existing re-
ciprocal fair-variance formula and its 24-node quadrature evaluate this integral. In
the corrected branch this is an approximation to the integrated variance of the
nonlinear rough process; it is not an exact nonlinear fair-variance or conditional
bridge-variance formula. The smooth and rough conditional stock factors multiply
and their residual variances accumulate. All stock normalizations remain analytic,
with no simulated sample mean.

This is a finite-step composition, not an exact transition of the coupled model.
At v; = 0, the rough block is affine, but its composition in {; with the smooth
transition in §; generally differs from the former merged-Gamma update in ¢&;.
The corrected branch retains composition error; other nonlinear branches retain
frozen-rate error. Earlier confirmations from both older schemes are historical
results. Their parameters may initialize the corrected scheme, but their errors
must be recomputed under the new numerical revision. Outer-step convergence,
transformed stock-measure moments and integrated-variance accuracy remain to
be measured at the retained parameters.

Active singular or nonrepresentable values are reported without clipping or ep-
silon floors. Native Torch sampling, full-path vectorization and the AMD/ROCm
backend are retained without path batching. Direct residual stock sampling re-
mains once per selected expiration.

Y;(0) = @} : (4.233)

Calibration continuation. The new implementation, notebook, checkpoints
and results preserve the earlier variant. There are 24 model coefficients, of which 22
are free if the two already near-unit correlations retain their existing fixed status.
The 37 expiry speeds remain a date dictionary with the first fixed at one. The
target remains 2026-10-05 EOD reported close and the same 37 expirations through
2027-02-26, within the explicit maturity limit 2027-03-12. Both rights and all
positive-weight I'TM and OTM strikes remain in the volume/bid/ask price-space
objective. The existing staged direct-pricing grids and path counts, conditional-
pricing confirmations, raw forward errors and their standard errors are retained.
Ongoing confirmations use the configured 2! paths; later final convergence uses at
least 22°. No calibration improvement or grid convergence is asserted before the
corresponding measurements.
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Three power-coordinate states with cyclic rough clocks
For i =1,2,3, define j(i) = 1+ (¢ mod 3) and
G=2EY  2i>0, \#O0. (4.234)

There are three state variables in two coordinate representations. The rough block
of (1 uses 9, that of (o uses %3, and that of (3 uses ¥;. The orientation of this
directed cycle is fixed. There is no magic clock.

Process, clocks and covariances. The assigned-clock affine components
under the domestic measure are

Eq[d&i]l 4 = (0; — k:&i)dt, d(&i)| g = 2&idt,
Eq [dCi”drj(i) = (¥ — JiCi)dtj(i% d<Ci>|drj(i) = 2Gid¥;(i).-

The state martingales are orthogonal: d(&;, &) = 0 for i # k. The discounted stock
has Eq4[dS] = 0 and

(4.235)

3

2 % Z [H &idt + ?dr
5 dt
d<§i7 S> — Di\/\’Tidtj(i)
S %)

All coefficients are state indexed. The component Brownian correlations obey
|pil, [9i] < 1; in the rough &; coordinate the correlation is sign(A;)1;. Independent
residual stock channels supply the remaining variance.

Each state generates its own boundary clock with the same normalization:

(1 —0;) [
?i(t) = lim 0/ 1{§i(s)<e}d57 1{§i>0}dti = 0. (4.237)
€l0 €V 0

The inherited domain requires 0 < 6; < 1 and 6; + 0;, > 1 for every distinct pair,
with nonnegative initial states and no initially zero pair. A condition on 61+ 602 +03
alone does not control pairwise corners. The pairwise restrictions are the intended
boundary safeguard; their sufficiency for the fully coupled process has not been
proved. Distinct contacts within a finite numerical interval are not simultaneous
zeros. For positive )\;, the rough stock coefficient diverges as &; | 0; its intended
protection is inactivity of the next state’s clock, subject to this unresolved boundary
qualification.
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On the positive interior the complete smooth-coordinate equations are

¢ —14+1/XN 1 );
Eqld&] = (0; — ki&)dt + )\231/511 Ao )\sz d¥e,
&
d<§z> = 2&;dt + /\123Z- dtj(i)v (4.238)

d(&;, S) NivVYi 1,
g — PV H;&dt + o & v

Adding the state—stock covariance preserves the local family under the stock nu-
meraire:

The other coefficients and clock assignment are unchanged. Inverting the stock
quote reverses both channel correlations. The retained conditions ¥; > 1 and
97 > 1 give a finite inverse first moment for each isolated affine rough block.
These local conditions do not establish global existence or true martingality of the
coupled model.

Parameter names and dimensions. For each i = 1,2, 3, the eleven descrip-
tor names correspond to

symbol | descriptor name | time dimension

0; theta_i 1

Ki kappa_i 71!
§i0 xi_i_0 T

H; H_i T2

> kaf_i T1=% @ =
i lambda_i 1

9, vartheta_i 1

J); nun_i 7% —1
v; evar_i 1

Pi rho_i 1

n; ecorr_i 1

Thus [t)] = [G] = T17%@ . The calibration independently fits all 33 model
coefficients. Explicit param(initial, change scale, bounds) entries retain the
mathematical bounds, including sign-preserving half-lines for nonzero \;, without a
finite magnitude cap. The five expiry speeds are a nested date dictionary initialized
at one; the first is fixed and the remaining four are free.
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Cyclic sign classes and symmetric initial values. Cyclic rotations pro-
duce four sign classes, represented by (— — —), (++ +), (— — +) and (+ + —),
named nnn, ppp, nnp and ppn. All state-indexed coefficients and initial values must
rotate together. Reflections reverse the directed cycle and are unnecessary for this
classification. Each representative has its own descriptors, checkpoints, statistics
and plots. The symmetric starting values are initial guesses; no equality constraints
are imposed during fitting.

The initial negative-power seed is constructed from the saved first-week two-
state nn parameters, not from a purported exact embedding. Writing the old initial
states and coordinates as x4, 2., @ = 1,2, set

T = \/T1%3, zZ =/ 712, d=zz 7,
_ Hyry + Hoxo z (\Ul Y)g) (4.240)
- 3z '

The remaining seed coefficients 0, k, A\, 1,), p,d are arithmetic means of the old
values. These shared values are copied into all three states. This construction
preserves the summed initial smooth variance and the summed initial rough stock
coefficients, not complete paths or prices. Positive signs use the existing local map
. The exact source snapshot, its hash and constructed values are retained in
cyclic_power_reciprocal_variance_initializer.json. Zeroing state 3’s stock
weights would still leave its clock driving state 2, so it would not recover the
previous two-state cycle.

Unchanged single-state numerical procedure. The separate three-state
kernel calls the existing single-state coefficient, merged-transition and stock-step
functions without altering their formulas. For each outer interval it first draws all
three physical contact records from the same pre-step state vector, at the individual
rates ;. State ¢ then receives record j(i)’s rough increment. There are exactly
three merged endpoints, one for each state, before the old states are replaced.

In particular, at interval-start state x = &;, the frozen quantities are precisely
those of . For \; > 0 use a; = ¢;[1 + X\;(¥; — 1)] and b; = 3;/\;; for \; <0
use a; = 0 and b; = 3;/\; — ¢;[1 + X\;(¥; — 1)]/x. For physical conditional inputs
(¢i, si, ;) the endpoint retains

D; = si + qi0%(;), Ai = ¢isi + a0t ), Bi = b0t

T (4.241)
shape; = A;/ D, scale; = D;o(B;), noncentral; = r;e” ",

where ¢(B) = (1 — e B)/B with ¢(0) = 1. Positive powers retain the rough
immigration in the Gamma shape. The original stock-measure mean match uses
191-5 in that immigration; for negative powers it uses the original proportional-rate
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shift. The analytic physical-clock likelihood, normalized Gamma endpoint tilt and
covariance-residual projection are unchanged. The three log-forward and residual-
variance contributions are added.

This remains the established finite-step approximation. There is one merged
update per configured outer interval, with no operator split or extra subdivision.
Inactive rough increments do not evaluate singular powers; active nonrepresentable
coefficients fail explicitly without clipping. Residual stock normals are sampled
once per selected expiry and carried forward. Direct option payoffs retain Torch
sorting and cumulative sums; conditional integration remains the confirmation es-
timator. No empirical centering, price rescaling or sample correction is introduced.

First five expirations and validation scope. The market target is the
2026-10-05 reported close, with the first five available expirations 2026-10-06, 07,
08, 09 and 12 and explicit maturity limit 2026-10-12. Both calls and puts, ITM
and OTM, at all supplied positive-volume strikes enter the existing volume/bid /ask
objective. Fitting retains direct pricing at 2'°, 27 and 2! paths and the existing
early quarter-day grid, with maximum intervals 5, 2 and 1 days. Conditional
confirmations use 2! paths and at-most-daily intervals. The later final time-step
convergence study retains its separate 220 minimum.

The four signs run sequentially on the AMD GPU through the shared Jupyter
server. Every branch resumes its own saved best and retains the full fitting-
statistics display, expiry plots and raw forward errors with their Monte Carlo
standard errors. The earlier two-state experiment is paused with its results pre-
served separately. CPU checks cover the cyclic record assignment, the generator
and stock-numeraire identities, exact reuse of the single-state formulas, endpoint
counts and raw forward behavior for all four sign representatives. This specification
does not assert a completed fit or a time-step convergence result.

Magic time and an affine physical clock

The construction in can be applied to the complete independent reciprocal
specification, including the optional Heston contribution in . Let 7 denote
process time, or magic time. All existing internal dynamics run in 7: replace dt
by dr, generate the rough clock t§ from &,, and retain the existing stock and
reciprocal-state coefficients. A separate affine process determines when this system
is observed in physical time:

dxr = (O — kxXr)dT + /2% dWX,  x0=0, 0<6, <1, £y >0. (4.242)

The subscript x identifies this clock driver. It replaces a long descriptive time
subscript without changing the meanings of the existing § and x parameters. In the

Gregory Pelts cryptorado.ai/rough-diffusion 110


https://cryptorado.ai/rough-diffusion

first implementation, y is independent of all existing state and stock innovations.

Let ¥ be its canonical boundary clock, with the same normalization as the
earlier affine boundary clocks. Define the physical clock and its right-continuous
inverse by

Cr= LX)O [ 7(u) = inf{s : C5 > u}. (4.243)
(L= Oy )ry*
Here C, rather than y, is increasing. It is constant during an excursion of x away
from zero, and 7(u) skips the entire excursion. Observed stock and volatility states
therefore jump together, although their trajectories in magic time are continuous.
The observing driver is at the boundary at either end of each skipped excursion.
In particular, every simulation started from an observed valuation date starts this
driver at xy = 0, while retaining the observed values of £ and (. The boundary-
start inverse-clock law below applies to each such future simulation; there is no
additional initial observing state to calibrate.
For a calendar expiration 7', let u(7") denote the existing deterministic holiday-
adjusted and fitted time map. The observed states are

St = Srur), &1 = &), T = Cru(m)- (4.244)

Thus u(T) is the deterministic holiday-adjusted and fitted physical-time map, ap-
plied once, while 7(u(7")) is the random magic-time horizon. Market expirations,
forwards, discounting, and implied-volatility annualization retain their calendar
conventions. No additional fitted speed per expiration is introduced by the stochas-
tic clock itself. When the deterministic time map is recalibrated, its positive inter-
val speeds act on holiday-adjusted physical time before the inverse clock is sampled.
The order is calendar time, holiday-adjusted time, u(7"), and then 7(u(7)). Multi-
plying the sampled magic-time horizons by an expiration-dependent factor would
specify a different construction.

Inverse-clock law and the previous-model limit. For ¢ > 0, the inde-
pendent increments of the normalized inverse clock satisfy

E[equT] = exp{—Au?,(q)},
_ T(g/my +1-06y) (4.245)
D) = K T e ST 6y

The value at ¢ = 0 is defined by continuity. Differentiation at zero gives

2Au

E[AT] = Au, Var(Art) = -
X

[¥(1) = o1 = 6))]; (4.246)
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where 1) is the digamma function. Mean reversion makes both moments finite; the
mean-reversion-free inverse boundary clock instead has a stable law with infinite
first moment. The normalization in fixes the mean magic-time rate at
one. As 6, | 0, ®,(¢q) — ¢ and 7(u) — u in mean square at every fixed u. The
implementation defines 6, = 0 as an exact deterministic-clock branch, recovering
the previous simulator and its prices without evaluating the singular boundary-
clock normalization. Starting x away from zero would add an initial hitting delay
and would not have this nesting property.

The extended calibration therefore includes the previously fitted model, with all
its financial coefficients and its deterministic physical-time map unchanged. For the
same market target, the infimum of the extended calibration error cannot exceed
the previous-model infimum. A finite numerical search need not find that infimum,
so the previous fit is retained as an explicit candidate at ¢, = 0. Comparisons
use the same path count, simulation grid, quadrature, and random seeds; scores
obtained at different resolutions do not by themselves establish an improvement.
A positive-clock candidate is promoted only after a comparison with that retained
fit at common settings and a subsequent refinement check. The observing-clock
coefficients can first be fitted on the shortest expirations, then held fixed while
extending the calibration to longer expirations. Keeping 0, relatively small helps
localize the additional clock dispersion: by (4.246), Var(Ky)/U? decreases as 1/U.
This does not ensure that the longer option smiles remain unchanged, so those
expirations are repriced and compared after the short-end fit.

Both 6, and the original affine Feller characteristics are dimensionless. The
quantities x, 7, C, and u have dimension time, while , has dimension time™!. The
canonical clock X has dimension time! =%, so its multiplier in has dimension
time®x. Changing 0, therefore does not change the units of either physical or magic
time.

The scaling rules for the base coefficients nevertheless refer to magic time, not
to the typical short physical-time horizon. For 0 < 0, < 1, the large-¢ behavior of

[@275) is
HX
Kx

T(1—0y)"

Consequently a fixed interior quantile of Ky, as U | 0, scales as a constant times

g\ MO
T(1—06y) '

This is a distributional scaling, not a scaling of the mean: E[Ky] = U still holds.
The homogeneous base-model powers &, ¢ ~ 7 and ¥ ~ 7179 therefore compose
with this physical-time power. They do not imply that increments from a strictly

(I)x(Q) ~ 1=6x
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positive initial state obey the same boundary scaling. At long physical horizons,
Ky /U — 1 in mean square, so the linear time interpretation is recovered.

An existing characteristic magic-time duration A7 can instead be assigned an
exact physical reference duration by

1

VAT =5 (/A

Ele Kvan/AT] = 1, (4.247)
For example, the physical relaxation time of an affine mean with magic mean-
reversion rate s is 1/®,(k), rather than 1/k. At 6, = 0 these durations coincide.
This convention keeps intrinsic magic-time units separate from the effect of the
observation clock and from the deterministic fitted map u (7).

Simulation without resolving the observing driver. Independence al-
lows the random magic-time horizons to be generated before the existing state
paths. The Lévy measure of the inverse clock has tail

Rx

7y (s) = vy ((s,00)) = m(ew — )"0 s> 0. (4.248)

Choose a positive resolution € in magic-time units. On an interval of physical-
clock length Aw, sample a Poisson number of resolved jumps with mean Auv, (e).
Their sizes have survival probability 7, (s)/7y(€) for s > €, so inversion uses only
exponentials and logarithms. Replace unresolved jumps by their deterministic
mean, giving

N €
At = Aub. + Z Jj, be = / sy (ds), N ~ Poisson(Auv,(€)). (4.249)
j=1 0
This approximation preserves E[A7.] = Au exactly. Its missing clock variance is
€ €
Ve = / s%vy (ds) = 2/ 5Ty (8) ds — €7, (e),
0 0

%ixewex
(1+ 001 = 6)T(0x)

(4.250)

0<w <

Under the natural coupling with the exact jump clock, E[(A7. — AT)?] = Auv,.
The finite-resolution clock is not an exact sample of ; reducing € removes this
approximation. The separate state-grid and effective-duration refinements of the
existing simulator remain necessary. At a fixed positive resolution, deterministic
small-jump compensation does not reproduce the stable typical-horizon scaling all
the way to Au = 0. That scaling requires the cutoff to become small relative to
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the typical magic-time increment. Short-expiration calibration must therefore be
checked by reducing the clock cutoff as well as the state step size.

For each path, accumulate these nonnegative magic-time increments at the
requested physical expirations and advance the complete existing system to its
successive random horizons. All state changes and both internal stock-variance
channels evolve over a skipped magic-time interval. The physical-time process
must not be constructed by linearly interpolating its states through that interval:
the observing clock assigns the full change to a jump. The new clock is independent
of the base process, so a true stock martingale in magic time remains a martingale
after this time change. Conditional discrete stock normalizers can likewise be
retained on every random-duration state step. This argument does not cover a
clock driver correlated with stock innovations; such a specification would require a
separate analysis of the stopped stock and its integrability.

VIX after the jump time change. For a calendar window A. = 30/365,
the independent future magic-time duration has Laplace transform with
Au = u(T+A.)—u(T). Conditional on the observed base states, average the magic-
time expected log-contract payoff over this duration distribution before taking its
square root:

VIXIE = 100 —2g, [log Sr(u(T+A:)) ‘gT, CT]~ (4.251)

Ac Sr(u(r))
The stock is in the discounted convention used above. For the continuous base
model, its expected log-contract payoff at a given magic-time duration equals its
expected integrated total stock variance, including any Heston contribution. Conse-
quently the reciprocal fair-variance formula remains useful conditional on duration,
and the existing rough-clock approximation remains an additional approximation
inside that conditional calculation. Substituting E[A7] for the duration is not
generally exact.

After the time change, sums of squared observed log-price jumps are not path-
wise equal to the integrated variance in magic time. The log-contract target in
(4.251) must therefore be distinguished from observed jump quadratic variation.
This section specifies the extension and its sampler; it does not report a completed
calibration or establish an exact closed-form VIX approximation for the full rough
model.

Conditional fair variance in magic time

Let Ky denote the future magic-time increment corresponding to a physical-clock
interval of length U, with transform (4.245)). For the continuous base system, define
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the conditional fair area and its independent-clock average by
T ’H 1
751} + ) dv
/0 ( 2 Go

T Vg
2 né
+/0 S s
GX(U;f,C):E[Gbase(KU;£7C)]‘

The second equality is exact whenever the expected area is finite. It separates
the existing state dynamics from the new, independent observation clock. For a

calendar window, use U = u(T + A¢) — u(T) in (4.252)). Equation (4.251]) then

gives

Ghase (7—; g, C) =Eq

(4.252)

50:§7C0:C]>

VIXEE = 100,/Gy (U: 7. Cr) /A

Average fair areas before taking the square root and retain the calendar annu-
alization denominator. This remains the expected log-contract quantity, not the
squared-jump quadratic variation of the observed stock.

Exact Heston contribution. Linearity of expected area permits the Heston
and reciprocal channels to be evaluated separately even though their state dynamics
can be linked. For x > 0, averaging the affine mean of £ gives

_ —UP\ (k)
A0y (5 - 9) W] . (4.253)
K K

Gx,&(U§§) =5

2 K

At k = 0, its continuous limit uses the second moment of the magic horizon:

H 6
GX7§(U; ) = 5 |:fU + 5 (U2 + Var(KU))] . (4.254)
These formulas include the total Heston variance; no orthogonal-variance factor

such as 1 — pg appears.

Exact smooth reciprocal contribution. For the pure smooth reciprocal
channel, set its rough state and stock coefficients to zero and write v = 14 2a/V¥¢,
and coo = VY¢t/(20), with Wy > 0, a > 0, 8 > 0, and ( > 0. The It6 log-state
identity gives its fair area as [Elog (; — log ¢ + 57]/a. Expanding the log state in
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the CIR Laguerre eigenfunctions and averaging their exponential time factors gives

! -
G c(Us€) = ~ | BU +1og == + (1)

¢
(4.255)
> nl L%”_l)(c/coo) —U®,(nf)
—F(V)Z nF(V+TL) ¢ ’ .

n=1

Here Lg/_l) is the generalized Laguerre polynomial. The log-state coefficient follows
from [ xl’_le_‘”LgLy_l)(x) logxdx = —T'(v)/n for n > 1. For U > 0 the series
is convergent, but its numerical truncation must be checked. Since ®,(nf3) grows
proportionally to n!~% damping can be weak at short horizons or when ty is
close to one. Large (/cs can also cause severe cancellation among polynomial
terms. Compare increasing mode counts and reject a spectral evaluation that does
not meet its numerical checks; select positive Gamma-horizon quadrature or a
sampled-horizon estimate explicitly rather than silently changing the horizon law.
The implementation anchors the correction to the positive fixed-duration fair-area

evaluator of (4.123):
GX7C<U; C) = Gbase,C(U; C)

T(v) =l LY (¢ eod) T vannsy —n (4.256)
R e e e,

At 0, = 0 the correction vanishes exactly. The fixed-state Laguerre asymptotics
are given in NIST’s Digital Library of Mathematical Functions.ﬁ

Positive approximate evaluation for the rough channel. When the
existing rough-state fair area is available only through a conditional mean-clock or
frozen-clock approximation, denote that nonnegative base estimate by @base,C- An
inexpensive outer approximation matches the first two moments of the independent
magic horizon:

U? Var(Ky)

Ky ~ Gamma <shape = W, scale = i

> , U>0. (4.257)
Positive quadrature then averages ébase,§(KU;€a ¢) under this Gamma law, while
retaining (4.253)) for the Heston part. At 6, = 0, use Ky = U directly, recovering
the chosen base evaluator without Gamma parameters or horizon quadrature; zero
horizon always has zero area.

6Equation (18.15.14): https://d1lmf.nist.gov/18.15.E14.
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There are two distinct approximations here: replacing the inner rough clock
by its conditional mean, and replacing the outer magic horizon by a Gamma law.
Neither is present in the exact identity , and the pure smooth spectral
benchmark eliminates the outer approximation. Moment matching alone does not
establish accuracy in the tails. In particular, at fixed s, the exact clock’s third
cumulant is of first order in ¢, near zero, whereas the matched Gamma third cu-
mulant is of second order. Small 6, alone therefore does not justify this closure or a
variance-only Taylor correction. The curvature of the base fair area can change sign
with state and horizon, so the mean-horizon substitution has no universal upper-
or lower-bound interpretation. Check horizon approximations against the exact
smooth benchmark and, for the full rough system, against independently sampled
horizons and future state paths; quadrature refinement controls only the numerical
integration error of the selected approximation. The sampled-horizon alternative
can use the native compensated-jump clock sampler with its reported cutoff, a
linear control variate based on E[Ky] = U, and a Monte Carlo standard error. It
retains the clock-resolution and inner base-approximation errors, separately from
its sampling error.

Reciprocal volatility with magic and physical clocks

A separate experiment removes the volatility boundary clock altogether. Both
the stock and its reciprocal variance state retain contributions from magic time
7 and physical time ¢. Only the separate rough volatility clock is removed. An
excursion of the physical-clock driver is skipped when the system is observed, so the
stock and volatility can jump together. This tests whether a strong short-expiry
smile can be explained by the observation clock without the large dispersion of
conditional future variance found in some of the earlier rough-clock calibrations. It
is a modeling hypothesis, not an empirical identification of roughness with jumps.
The observed process has jumps, and its finite-frequency irregularity must not be
identified with the local Hurst exponent of a continuous rough-volatility model.
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Specification and observable state. In the discounted-stock convention,
the complete magic-time moments are

2
EqldS.] = 0, S} = 22 (dr + Vs ),
Baldir] = (e - 6 )arot (%6 + o= i) db, i), = Glvcar + g d)
d(C,S)r = =S (p\/Ve dT + i/ VW5 dt)
E[dXT] = (9)( - K/XXT)dT7 d<X>7’ =2xr dr,
A0 e = d{x, S)r =0, Yo =0,

(4.258)
Here p is the instantaneous variance—stock correlation; the reciprocal-state—stock
correlation is —p in magic time and —p; in physical time. A negative p therefore
gives the intended negative volatility—stock leverage. Fixing the stock magic-time
variance coefficient at one retains the existing scale of . The earlier rough-volatility
driver £ and its boundary clock are absent; there are no coefficients multiplying its
rough clock. The five physical coefficients are retained: stock strength Wg;, state
strength W ;, excess constant drift oy, proportional drift 3;, and volatility—stock
correlation p;. With active physical state and stock diffusion, finite fair variance
requires oy > 0, giving physical cash Feller characteristic 1 4+ 204/¥¢;y > 1. In
stock units it becomes 1 4 2(a; — piy /\’)47t\3)57t)/\8)<,t. The physical clock does not
advance during a skipped magic excursion.
Use the normalized physical clock and inverse already defined in , with
the existing Hebrew symbol tX for its boundary clock. If u(T") is the deterministic
holiday-adjusted physical-time map, observations are

St =Srwmy), T =Cm)y X)) =0 (4.259)

The physical-clock driver is always initialized at zero at an observed valuation date.
Only (7 remains as an observable volatility state; there is no independent initial
physical-driver state to fit. The independent future magic duration Ky retains the
transform ([4.245)), with U = w(T + A.) —u(T'). These transform identities describe
the exact boundary clock. They provide a benchmark for the regular-physical-grid
surrogate constructed below. Omitting the launch endpoint noise changes its clock
law; grid refinement alone is not claimed to recover the exact inverse-clock law.
The deterministic calendar-to-physical map is applied before sampling the magic
horizon. It is not applied to an already sampled magic duration. At 6, = 0,
the physical clock is deterministic and the model reduces exactly to the ordinary
smooth reciprocal specification.
The model parameters are Co, 9, 5, ¥Y¢, p, Oy, £y, Vs, Ve r, o, B, pr, together with

any explicitly configured deterministic physical-time map. With the normalized
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mean clock, (o has the dimension of magic time; § and s, have inverse-magic-time
dimension; and the remaining listed parameters are dimensionless. Their interpre-
tation at short physical horizons also depends on 6, as described after (4.247).

Admissibility. For stochastic reciprocal volatility, require ¢y > 0, ¥¢ > 0,
lp| <1, and ¥ > 1. The last condition is required for finite conditional expected
inverse state and fair variance. At ¥ = 1, nonattainment of zero is not enough:
the inverse-state expectation, and hence the fair variance, diverges. Approaching
this value can also make finite-grid variance estimation unreliable; this is a reason
for explicit numerical checks, not an arbitrary universal margin such as a fixed
characteristic of 1.5. Under the stock numeraire the characteristic is

9= — 2L (4.260)

A3
Its boundary nonattainment condition must hold as well. For the intended nega-
tive leverage, ¥¢ > v automatically. The observation clock requires 0 < 6, < 1 and
ky > 0; the zero-characteristic case is handled as the exact deterministic branch.
There is no mathematical sign restriction on S for finite-horizon state transitions.
Any narrower numerical domain, finite-moment requirement of a stock-factor ap-
proximation, or optimizer limitation must be stated in the calibration configuration.
The retained endpoint-bridge implementation currently supports —1 < p < 0; this
implements the intended negative leverage and does not establish that positive
leverage is inadmissible in the continuous model.

Simulation and calibration. The inverse-clock transform is available for
nonzero k,; this does not imply an elementary density or a closed-form quan-
tile. One way to check its normalization without using an inverse-clock sampler is
through the boundary potential. The Gamma transition law from xg = 0 gives the
normalized boundary-clock mean rate (1 — e~"**)~%. Consequently,

o0 1 1
/ e dE[C)] = B(g/ry, 1 — 0,) ¢>0.
0

Ky Py (q) 7
Here B is the beta function. The last equality follows by changing variables from the
continuous boundary clock to its inverse: [ e~ %°dCy = fe*qf(“)du. This recovers
, including its mean-reversion dependence, and agrees with the canonical
transform in (4.53)).

At a deterministic physical target u, the random stopping time 7(u) already
selects a boundary observation, with C(,) = w and x(,) = 0. This is different from
conditioning x;s to be zero at a fixed magic time s. Independence of the observing
driver means that, conditional on the sampled horizons, the financial process retains
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its ordinary joint law at those magic times. A driver sharing financial noise would
require the joint stopped law; sampling a marginal clock independently would not
implement that specification. In a direct forward simulation, each vector lane must
continue until its last physical target is reached. Completed lanes can be masked
or compacted while unfinished lanes continue; stopping when only most lanes are
complete would truncate the clock distribution.

The selected simulator uses a regular grid in mapped physical time, with spacing
1/365 and all requested mapped market expirations inserted as exact grid nodes.
Inserting an expiry splits an interval into shorter pieces. Apply the business-time
and fitted physical-time maps before constructing this grid. There is no additional
stock calendar grid. At every grid node the observing driver is at zero, and the
financial state is retained. The positive physical increment Awu to the next node is
prescribed, rather than estimated from a sampled endpoint.

The deterministic launch proxy is y = 6, h, so its magic launch duration is h =
y/0y. For 0 < 0, < 1, choose this duration using the exact endpoint-conditioned
clock mean below:

QX
Ry Au
Ko,

1/(1-6)
] , (4.261)

m(h, 0 h) = Au, h ~ [

where the dimensionless small-step normalization is

! 0
Ky, = / v (1 —v) " exp <— XY ) dv.
0 1—v

It can be computed numerically once per physical-driver characteristic; no addi-
tional special function or fitted coefficient is required. The positive scalar solve in
retains finite x,. Precompute it for the distinct prescribed grid increments
and share the result across paths. The power approximation initializes the solve;
it is not substituted for the finite-mean-reversion kernel. The conditional mean is
strictly increasing along y = 6, h, giving a unique positive root.

For comparison with the affine law, define

e Sy 4262
Q(S) - ) Xr+h — Y = Uy ( : )
kx

The selected scheme omits the boundary-start Gamma endpoint draw. In the
underlying affine diffusion that endpoint would have shape 6, and scale a(h), with
mean Oya(h), rather than 6, h at finite mean reversion. Thus the launch is a
prescribed deterministic drift proxy. The omitted endpoint randomness has not

been proved to be a second-order error in the grid spacing.
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The exact conditional first moment used to select the proxy is

m<h>y) = E[CT+h - C; | Xr = O>X7+h = y}

_ /oh(l ey (CL(‘I@S))H exp [_y (a (hl_ - (1;1))} ds.
(4.263)

Its boundary-rate factor and density ratio include mean reversion and the physical-
clock normalization of ([243). With A = 1 — e " and r = k,ye ™" /A, an
equivalent quadrature representation is

Al—0x
kx

m(hvy) -

1
/ w0 (1 — v) (1 — Av)*Lexp (- 1”’ > dv.  (4.264)
0

— v

The implementation instead uses Gauss—Jacobi quadrature in a scaled s/h vari-
able with endpoint-adapted changes of variable. Small endpoints use the deficit
from the zero-endpoint bridge mean; larger endpoints resolve the initial bound-
ary. Quadrature order is explicit and stable small-argument formulas retain the
finite-x, kernel.

From the deterministic positive endpoint y, sample the future return to zero
by

d= L log (1 + M) , G ~ Gamma(l — 6y, 1). (4.265)
Koy G
This first-touch law is exact conditional on its starting value y. Financial evolution
covers the entire launch plus return, including the positive excursion, and the
update is
T+ 17+ h+d, C + C+ Au, x < 0. (4.266)

The physical clock reaches the prescribed grid node by construction. It is a surro-
gate for the random boundary clock, rather than a realized boundary-clock path
subsequently clipped or rescaled to an expiry. Financial states and accumulated
magic durations continue across all grid nodes and expirations. The complete ob-
serving driver remains independent of financial innovations, so the financial law
conditional on h +d does not require a reconstructed driver bridge. At 6, = 0, use
h = Au, y = d = 0 directly, recovering the identity-clock financial branch without
a clock draw.

The complete positive duration is retained as a financial event and integrated
once. Compensated floating-point accumulation of magic time tracks arithmetic
remainders, including events smaller than the unit in the last place of the cumula-
tive horizon. Financial durations come from these events, rather than subtraction
of two rounded horizons. This is arithmetic roundoff control; it does not alter the
model’s stock or clock normalization. For every path and every positive physical
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grid interval, divide its complete magic duration into exactly N equal magic-time
integration steps:

ATjZ%, Au]:& ]Zl,,N (4267)
The configurable count N applies to every path, including long returns. There is
no maximum magic-step length and no automatic increase of the count. Physical
and magic drift and covariance contributions are combined in these same N steps;
an active physical contribution does not add steps. The complete duration is
integrated, with no discarded path or interpolation through a jump. The earlier
automatic refinement using a maximum magic-step length was not requested and
has been removed from the selected configuration.

Initial fitting uses N = 4 and final pricing uses N = 16, with clock quadrature
order 32 and variance quadrature order 24 unchanged. Initial calibration uses a
direct 8,192-path GPU simulation; its scores and plots are provisional. Final pricing
uses a direct simulation with at least 220 paths and controls disabled. Scores saved
under the earlier maximum-step refinement must be distinguished from valuations
at the new fixed count. The previous 256-bank configuration of 4,096 paths per
bank is historical.

There are two explicit approximations: the Gamma launch endpoint is replaced
by y = 0,h, and the random conditional boundary-clock increment is replaced by
its mean to select the prescribed physical step. Their clock-law effect can persist
under grid refinement. Put p = 1 —0,.. In the small-step limit, the return-time tail
per unit physical time is

p
KxOx

_IX e )P g0
Ko T'(p + 1)( )

Comparing with (4.248|) gives the dimensionless rate ratio

RGX — GQF(QX) )
pKo,
In general Ry, # 1: the surrogate’s limiting Laplace exponent is Ry, ®,(¢) and its
limiting mean magic-to-physical rate is Ry, . The exact-clock mean normalization
remains a theoretical reference, not a proven mean-rate identity for this surrogate.
No extra correction factor is applied to sampled durations. Parameter interpreta-
tion and subsequent variance tables must distinguish these two clock laws.
At fixed magic duration the reciprocal-state endpoint is a noncentral Gamma
variable, so no additional rough-volatility clock or state needs to be simulated.

The physical-driver return durations above are still required. Use a stock endpoint
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factor with its conditional martingale normalization and the reciprocal conditional-
moment construction already described above. A normalized exponential endpoint
ansatz that matches the foreign first-state moment is still an approximation to the
complete joint transition law; it must not be described as an exact simulation of
that joint law. Retain the idiosyncratic lognormal variance and check the con-
figurable magic-time integration count separately from the regular physical grid.
Audit launch durations, sampled return tails, the exact per-path count, magic-time
roundoff and the clock and variance quadratures independently. An inverse-clock
benchmark additionally reports its compensation cutoff and unresolved variance.
These are numerical convergence controls. They are separate from the mathemati-
cal requirement ¢ > 1 for finite expected reciprocal variance; neither kind of check
replaces the other.
The existing notebook is updated in place:

py/example_magic_only_reciprocal_forward_calibration.ipynb.

Its simulator is py/magic_only_clock_forward.py; earlier saved results remain
distinguishable by their recorded clock convention and numerical configuration.

The SPX calibration retains every supplied strike, both puts and calls, and both
in- and out-of-the-money options, using the established volume and bid—ask target.
Zero-volume quotes may be omitted. Maturity limits are explicit: the present
configuration uses seven calendar days through three calendar months. Its market
snapshot contains 6,487 positive-volume quotes in 33 symbol-expiration strips. The
latest request restores initial fitting at lower path counts before refinement, with
a daily mapped physical grid. Present every preliminary fit with its actual sample
count and control policy; final pricing and convergence checks require at least 220
paths. Retain the identity-clock candidate for comparisons at common numerical
settings.

Levenberg—Marquardt stages update financial coefficients and fitted physical-
time interval speeds; COBYQA explores 9, 0, and k,. In accordance with the
requested near-boundary policy, hold p fixed in LM when |p| > 0.995. This is an
optimizer policy, not an extra financial-domain restriction. The parameter con-
vention is param(initial, change_scale, bounds): the descriptor at optimizer
coordinate zero gives the initial value, and optimizer coordinates remain unbounded
even for bounded model parameters. The process description precedes the editable
descriptor near the top of the calibration notebook. Its triples specify all initial
values, change scales and bounds; a plain number freezes that parameter. Note-
book restarts default to the last saved best parameters, whose values and source are
displayed separately from the editable descriptor. The descriptor’s change scales,
bounds and fixed entries remain unchanged; an incompatible checkpoint raises an
explicit error rather than silently resetting the fit. Later stages warm-start from
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the retained candidate under the same user-specified transforms and bounds. The
running fitting cell displays stage evaluation counts and budgets, the cumulative
optimizer count across restarts, the current and retained errors, and every fitted
expiration, refreshing its figures as the fit improves. The physical interval speeds
are a nested expiration-date dictionary, generated with initial value one for every
date. The earliest date is fixed at one to anchor the overall time scale; fitting all
speeds together with all dimensional coefficients leaves a redundant scale direction.
SPX and SPXW observations on the same date share its speed and one optimizer
coordinate, while all their quotes remain in the target. Nested descriptor bounds
and fixed entries apply in every stage. For a slab with magic increment h and phys-
ical increment wu, combine the two channels before applying the existing reciprocal
bridge. With s = V¢, its effective state duration, stock duration, CIR shape, rate
and volatility correlation are

v
D=h+ Sy, Q =h+Vs,u,
S
" Vh+ (Ve + 2a4)u/s b= Bh + Biu
B D ’ D

. PV h+ piy/VYe Vst u
N VsDQ '

The stock/state clock ratio is @Q/D. These are the same frozen-slab combinations
used for the earlier independent physical /rough channels; there is no separate phys-
ical half-step or replacement clock sampler. All four physical strengths and drifts
equal to zero select the previous magic-only branch exactly, including its random-
draw schedule. Change scales are 0.05 for p and 6,, 0.1 for 9, 0.25 for physical
speeds, and 0.2 times the magnitude of other initial values, using 1 for a zero ini-
tial value. Financial states, conditional payoffs and all stochastic Gamma draws,
including the clock’s first-return draw, use the established Torch sampler on the
requested AMD/ROCm device. Only deterministic scalar clock calculations and
event bookkeeping remain on CPU; redundant diagnostics share stored arrays or
deterministic views. GPU availability is checked before calibration, without an
automatic CPU fallback. Budget exhaustion, interruption and convergence are
reported separately, with the best completed checkpoint retained.

The current workspace instructions permit explicitly labelled control variates
during fitting and in provisional calibration plots, while requiring controls to be
disabled in final prices, final fit plots and final convergence checks. The option-
price control uses a fixed Black reference delta computed from the market ATM
volatility and forward: the put coefficient is the call coefficient minus one. If X
is the unadjusted normalized model stock with specified expectation 1, an option
payoff Y uses Y — b(X — 1) with this fixed coefficient b. Financial dynamics and
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simulated stock states are unchanged. Provisional plots display both controlled
and raw normalized target errors. Raw forward checks always disable controls and
report the unadjusted forward discrepancy and its Monte Carlo standard error for
every expiration. Final results use at least 22° paths and report raw option prices,
target scores, forward errors and parity errors. Do not rescale paths or forwards,
shift the ATM level, or label a controlled score or plot as a final result. Every
fitted expiration retains its own date, small market points, separate calls and puts,
and volume panels; display ranges never select the calibration target. The latest
explicit workspace instructions supersede the preceding permission to use controls
in final results.

Conditional variance after calibration. The one-dimensional magic-horizon
averaging formulas below apply to the special case with the four physical strengths
and drifts equal to zero. With the restored physical channel, the fair area is instead
E[[ ¢ (dr 4+ Wg.dt)] under the joint physical-magic evolution. It must be evalu-
ated or tabulated for that calibrated model; using only the terminal magic horizon
would omit the physical contribution and its effect on the reciprocal state. The
variance table is constructed only after selecting and saving the SPX calibration.
For a fixed magic duration, let

AT
G(Ar:¢) = Eq [/0 Cé G =<}
_y <FE(CAT); 9, w<> , (4.268)
ePAT _ 1

Fs(AT) =

’ 8
The value of Fjg at zero reversion is A7r. The reciprocal fair-area function y is
the positive mean-reverting representation in (4.123)), rather than a zero-reversion
formula used at the unadjusted duration. Averaging over the independent future
observation clock gives

Gy (U;¢) =E[G(Ku; ()] (4.269)

This identity is exact for the continuous model when the expectation is finite.
For the selected regular-grid surrogate, replace the exact inverse-clock horizon by
the sum of its prescribed launch and sampled return durations. Averaging the
analytic reciprocal fair area over that sum needs neither future stock nor future
reciprocal-state paths, and retains the surrogate’s complete random return dis-
tribution. It must not be identified with the exact inverse-clock result merely
because the launch duration matches a conditional clock mean. Report physical
grid, financial and special-function quadrature errors separately from this clock-law
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difference. The inverse-clock transform and the spectral formula (4.255)), when its
positive-reversion assumptions and convergence checks hold, provide independent
exact-clock benchmarks.

Integrating the prescribed boundary-clock distribution. For the ac-
tual future physical partition, write h; for its prescribed launch durations and
X; = 0y h; for the launch endpoints. The independent subsequent return durations
D; have the same law as in the simulator:

1 .
D; = R—X log <1 + Kg?) , Gj ~ Gamma(1l — 6,,1). (4.270)

Their distribution can be expressed through the regularized upper incomplete
Gamma function Q:

X erxd — ]

Pr(D; < d) = Q (1 0 ”“XXJ> . d>o. (4.271)

The summed horizon Ky = }_;(h;+D;) is not generally Gamma. Its exact Laplace
transform for this prescribed partition is

oS R I'l1—-6, +q/k
Ly(g)=e 2" ] ( r(1x— Qq)/ Jy <:,0X,;@Xxj>. (4.272)
j X X

Here U is Tricomi’s confluent hypergeometric function, not the physical-window
length. This transform is specific to the prescribed-cycle approximation; it is not
the exact inverse-clock transform. The return mean is obtained by integrating the
positive survival function from (4.271]).

For 5 > 0 and ¥ > 1, the existing CIR spectral representation can average the
reciprocal fair area without sampling future clock or reciprocal-state paths. With
Ky = E[Ky] it gives

Gy (U;¢) = G(Ku; Q)

oo W ) - eea)]

n=1
(4.273)
The coefficients use generalized Laguerre polynomials and the rising factorial (¢),.
Evaluate the deterministic anchor with the mean-reverting reciprocal formula, and
check spectral truncation, roundoff and special-function positivity. A failed check
is reported, rather than replacing it with a sampled or mean-clock result. For
6, = 0 the clock is deterministic and the correction vanishes.
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After selecting the calibrated parameters, tabulate future fair area on the ob-
served range of (, including its low-state and high-state edges. Compare interpo-
lation with independent direct evaluations, extend the table when necessary, and
reject out-of-domain evaluations instead of clipping states to its edge. At regular-
grid boundary observations xy = 0 and the physical time is prescribed exactly;
there is no carried physical-clock overshoot coordinate. The future conditional
table therefore has one volatility-state coordinate, (, together with its configured
future physical window and grid. No additional rough-volatility driver or rough-
clock conditional-mean axis is introduced.

Jump variance and VIX puts. After the observation time change, the log-
contract identity remains

ST+A.
St

—2E4 [log

(r = C} =G, (U;() (4.274)

under the discounted-stock and integrability conditions. This is the expected latent
integrated variance, not generally the expected squared observed log-price jumps.
An observed log jump r contributes r? to log-price quadratic variation, whereas
the log-contract jump adjustment is 2(e” — 1 — 7). They agree only to second order
for small jumps. A variance table and its validation must identify which of these
targets it estimates; a variance-only latent simulation validates the right-hand side

of (1.274).

The conditional log-contract VIX proxy is

GX(U; (r)

VIX2E = 100 307360

A, = 30/365. (4.275)
Here A, specifies the thirty-calendar-day horizon in calendar-year units. The de-
nominator 30/360 is the separately requested annualization convention; it does not
change the thirty-day window. The business clock and fitted physical-time map
determine U = u(T + A.) — u(T') and the actual future physical partition. For the
prescribed-cycle approximation that partition is part of the clock law, so changing
it is recorded separately from refining the financial integration. The accompanying
comparison notebook evaluates these quantities after freezing the SPX calibration.
For weekly observation conventions or a requested alternative annualization, record
the actual window and denominator explicitly. Validate expected area before com-
paring square roots. On the same expiry-state sample, report the square root of
mean benchmark variance, the square root of mean table estimate, the mean square
root of the table estimate, and the market VIX future or parity-implied forward.
Their differences distinguish approximation error from the model’s dispersion of
conditional future variance.
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VIX options are reviewed after this SPX calibration and variance validation;
they are not included in the current calibration target. Price puts directly from
the conditional VIX states, using

Pr(K) = DrE[(K — VIX8)*]. (4.276)

Neither the simulated VIX state nor its option prices are rescaled to match a VIX
forward. Compute both market and model put implied volatilities with the same
observed VIX future, or the explicitly identified parity-implied market forward,
and plot them against log(K/Fmarket) This forward is an implied-volatility refer-
ence, not a replacement for the model’s own expected VIX. A model price outside
the corresponding Black put bounds is reported as such, instead of changing the
forward or scaling the price to make an implied volatility exist. Put payoffs em-
phasize the lower-VIX region, where the conditional fair-area evaluation may be
more reliable; that reliability is tested rather than assumed. The comparison also
does not establish exact equivalence of an ideal log contract and the finite strike
portfolio used for the market VIX index.

Reciprocal dynamics in magic, physical and physical-
boundary clocks

The reciprocal model in admits an extension in which both the stock and
reciprocal variance state have independent contributions from three clocks. Retain
its magic-time and physical-time coefficients, and add the usual affine driver £ in
physical time. Its boundary clock drives an additional rough channel in both S and
(. Setting that channel’s strengths and drifts to zero recovers the existing model
without changing its parameters or calibrated results. This is a new specification
and an initialization for calibration, not a claim that an improved fit has already
been established.

Clocks and observable states. Retain the observing driver y., normalized
physical clock t = C;, and inverse 7(u) from f. The general spec-
ification retains the deterministic physical map u(7T"). The completed first-week
experiment fixes u(7T) = T in calendar time, without a holiday /business-time ad-
justment or fitted expiry speeds. The requested extension through the following
week retains calendar time as its input, and permits the fitted physical map de-
scribed below. The new driver is

de; = (0 — k&)t + 26 dWE,  0<0<1, k>0, & >0. (4.277)
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Use the existing canonical boundary-clock normalization of (3.33]) and (4.5)):

t
tt = leligl 0(1690)/0 1{§s<6} ds. (4278)
Mean reversion changes the clock’s distribution, not this local normalization. For
example, at kK = 0 and & = 0, E[t;] = t'=¢/T'(#); no fitted multiplier renormalizes
its generated increments.

When equations are expressed in magic time, dt below denotes d(¥¢.). During
a skipped excursion of y, dt = 0; therefore £ and its rough clock do not advance.
At a calendar expiry,

St = Srwmry), 0 =Cwm)y, & =&u@)y  Xeer) =0.  (4.279)

Unlike x, the observable state &7 need not be zero. A future valuation retains both
ér and (7, and starts y at zero. The separate physical-driver and rough-driver
innovations are independent of each other and of the financial innovations, except
for the specified stock—state correlations within each financial clock channel.

Complete drift and covariance specification. In the discounted-stock
convention, the full moments are

Eq[dS] = 0,
d(S)  dr + Vgdt + Vst
52 ¢ ’

Eqld¢] = (39¥¢ — 5¢) dr
+ (3% + ar — BiC) dt
+ (§VYcp + N —2() db,
d{C) = ¢ (VedT + V¢ pdt + Ve rdt) (4.280)
d(¢, S) = =S (p\/VYe dT + pi/V¢ Vs dt
+ 10/ YV dt),

E[d¢] = (0 — w&)dt,  d(§) = 2 dt,
Eldx] = (0y — ryx)dr,  d{x) = 2xdr,
(¢, S) = d(§,¢) = d{&,x) =0,
d(x, S) = d(x,¢) = 0.

The coefficient of dr/( remains one, preserving the scale of (. The signs of p,
pt, and Y describe variance—stock correlations; reciprocal-state—stock correlations
have the opposite sign. A zero bracket between ¢ and ¢ does not make them
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independent: & determines the rough clock of (. For 0 < 6 < 1, d? is singular
relative to dt. This is consistent with a zero bracket between the physical-time
driver and rough-clock innovations, while the rough innovations of S and ( have
their stated mutual covariance.

Parameter mapping. Existing parameters keep their meanings. The descrip-
tor keys are:

Parameter Descriptor key

Co zeta_0

0 vartheta

I} beta

Ve evar_zeta

p rho

0y theta_chi

Ky kappa_chi

Vs evar_S_physical
Vet evar_zeta_physical
oy alpha_physical
By beta_physical

Pt rho_physical

0 theta

K kappa

&o xi_0

Vg evar_S

Yer evar_zeta_rough
N aleph

ul bet

n ecorr

The rough immigration is an independent excess above the compulsory one-
half-diffusion floor. Thus aleph is not a second copy of vartheta, and it may
remain nonzero when evar_zeta_rough—=0. For active state diffusion the cash
characteristics and stock-numeraire characteristics are

9
Jar =1, Dpp =10 — —P—,
V¢
2 200 — V1 Vg
Dap =1+ 9 =1+ (@0 = pry/¥e ’t), (4.281)
Vet Vet
2N 2(N —1,/Y1Vg)
Pagp =1+ —, Uy =1+
’ Yer ’ Yer
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They are not required to coincide. The previous shared-characteristic version in
is a constraint on a different subfamily, not a hidden restriction on these
independent coefficients. Imposing it here would also tie a; and N to diffusion
strengths and change the present calibrated family.

Require nonnegative diffusion strengths and stock weights, positive (o, ¥ > 1,
and channel correlations in [—1,1]. The selected stock bridge retains its existing
nonpositive leverage domain. For the new stochastic rough state channel use N > 0:
its cash characteristic is then strictly above the inverse-moment floor one. The
stock excess must satisfy N —1, /¥ Vg > 0 for its nonattainment floor. Negative
leverage makes that excess no smaller than the cash excess. Retain the existing
physical-channel restrictions and its strictly positive excess when both physical
diffusions are active. An arbitrary additional numerical margin is not implied. If
a diffusion strength vanishes, apply the corresponding drift restrictions directly,
without division by that strength. In particular, at ¥ = 0, rough state diffusion
and rough state-stock covariance vanish, X > 0 can provide rough drift, and 1 is
irrelevant. Both affine drivers retain their parameters under the stock numeraire
because their stock brackets are zero.

Physical-clock sampling and the frozen-slab approximation. Keep
the prescribed physical grid, including its explicitly configured geometric short-end
refinement, and sample each existing launch-plus-return magic duration as before.
Its endpoint proxy and conditional-clock-mean approximations remain those docu-
mented in f. The new rough clock does not replace that observation-
clock construction. Generate the usual affine ¢ endpoints, local contact times, and
canonical boundary-clock bridge increments in the same mapped physical time.
Reuse the established native Torch rough-clock sampler and its mean-bridge con-
vention; no different Gamma sampler, backend, or empirical clock normalization is
introduced.

For each path and positive physical interval, retain exactly the configured num-
ber N of magic integration steps, initially four and finally sixteen. Generate £ and
its rough clock on the outer physical grid, preserving the usual rough-clock gener-
ator’s existing internal affine-step bound kAt < 0.5. Do not resample that clock
at each financial integration step. For an outer slab, write its complete increments
as Ar, At, At. Freeze their ratios within the slab and combine the three channels
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as follows:
A= WcAT + \’)C,tAt + \’)CJAV,

W = A1 + Vg At + YgAl,
I =L0WAT + (394 + ) At + (3Yc 1 + N)AT, (4.282)
R = BAT + BiAt + 2AR,

B = P/ \’)CAT + P/ YJgt\’)S’tAt + 1./ wQ,Y\,)SAt'

Use the reference state strength ¥ > 0 and define
D= A/‘UQ ﬁstep = 2I/A, Bstep = R/D, pstep = B/\/ AW (4283)

The positive magic contribution ensures A,W > 0 on these substeps. Cauchy-
Schwarz gives |pstep| < 1. The exact noncentral Gamma transition for this frozen
CIR slab advances ¢ over duration D, with state diffusion strength ¥, cash char-
acteristic Usep, and integrated reversion R. Its stock-numeraire characteristic is
(21 —2B)/A.

Integrate the frozen slab in exactly N equal financial steps of state duration
D/N and stock duration W/N. Equivalently, each such step receives A7/N, At/N,
and AY/N with the same frozen coefficients. This resolves the financial transition
without claiming to resolve the ordering of the rough clock inside the outer slab.

Apply the existing reciprocal conditional-stock construction with stock clock
duration W. Its fair inverse-state area is the state-clock integral multiplied by
W/D. Retain the analytic conditional martingale normalizer, the foreign first-
state-moment condition, and the idiosyncratic lognormal residual variance; none is
replaced by a sample-mean correction. The step still approximates the unresolved
ordering of the three clocks. The varying characteristic in is an explicit part
of the existing frozen-clock approximation, not a claim that a time-varying three-
clock CIR transition has a single exact global shape. The mean-bridge rough clock
also retains its established higher-moment approximation. Physical-grid, magic-
step, and variance quadrature checks remain separate.

Embedding, scaling, and reported results. When Vg =¥ i =N=21=
0, bypass the new driver draws and delegate directly to the previous simulator.
This retains its random inputs and prices, rather than only equality in law. At
0y = 0, use C; = 7 as before: the magic and physical financial channels coalesce,
the observation jumps disappear, and the remaining physical-boundary clock still
supplies rough stock and state motion. Its boundary scaling is ¥ ~ t'=?, with
Brownian marginal exponent (1 — #)/2; positive initial state and mean reversion
introduce contact delays and crossovers.

This construction differs from the historical three-clock model below, whose &
evolves in magic time. In particular, that model’s ratio (1 —8)/(1 — 6, ) is not the
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scaling power of the new physical-time rough driver. In engineering time units,
] =[cl=T,[]=T"" [s] =T, and [Ws] = [V¢x] = [N] = T7, [2] = T, the
driver characteristics and correlations are dimensionless. Normalized engineering
units remain distinct from the short-horizon physical /magic scaling controlled by
0.

Calendar-based expiry speeds. For calendar expiries 0 =Ty <1y < -+ <
T, an optional positive piecewise-linear map assigns one speed r; to each preceding
interval:

wT)=> rj(T;—Tia)+ri(T-Tq), Tia<T<T, r>0, r=L
7<i

(4.284)
There is no additional holiday/business-time conversion in this test. All initial
speeds are one, so the initial map is the identity. The first fixed speed anchors
the overall time scale. Keep the editable speeds in a nested time_speed dictionary
keyed by expiration date: its first entry is the number one, and each subsequent en-
try is param(1, change_scale, [0]). The same date has one speed, independent
of option right. This map supplies the physical grid both to the new & and rough
clock and to the existing physical channel and prescribed magic-clock sampler. It
is not a rescaling of sampled magic durations. Market quotes, forwards, and the
calendar maturity used to report implied volatility are not rescaled by this map.

The separate implementation and calibration notebook retain the old ver-
sion and its checkpoints. The completed first-week result also remains separately
recorded. The wider-expiry experiment starts from its saved raw-final financial
and driver parameters, with the added expiry speeds initialized to one. Reprice
this candidate on the whole new quote set before optimization; a saved score from
four dates is not an error for the extended target. Initial low-path, labelled-control
trials do not certify final results. Final scores and plots require at least 220 paths,
controls disabled, and per-expiry raw forward and parity errors. The completed
initial test uses Monday 5 October 2026 EOD data and the four daily SPXW ex-
pirations 6-9 October, with the identity calendar-time map. Its raw normalized
error was 1.14604170 at 220 paths and sixteen financial steps, with controls dis-
abled. The retained candidate has zero added rough strengths and drifts, so this
result lies in the magic/physical subfamily; the local search does not establish a
global optimum.

The requested wider test retains the same snapshot and adds the five daily
expirations 12-16 October, for nine SPXW dates in total, with the optional fitted
physical map in . Both tests use reported EOD close premiums as targets
and retain source bid—ask half-spreads and positive-volume weights, both rights and
all supplied strikes. The datafeed, objective form, editable descriptor conventions,
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and numerical backend remain the existing ones. No extended-scope calibration
result is asserted here; its score and every expiry’s fitted calendar-to-model time
must be reported after repricing.

Reciprocal dynamics with a magic-time rough driver

A separate variant moves the affine rough-clock driver from physical into magic
time. Both the stock and reciprocal variance state retain magic, physical and
rough financial contributions. No additional Heston stock-variance term or driver—
stock covariance is included in this selected variant. The physical-driver model in
, its implementation and its calibrated results remain intact.

Clocks and observable states. Retain the observation driver x,, its nor-
malized physical boundary clock t = C;, and its inverse from (4.242)—(4.243)). The

added driver now evolves in the same magic time:
dér = (0 — kE)dr +\/26,dWE,  0<0<1, k>0, &>0.  (4.285)

Use the same canonical local-time normalization, with magic time as its integration
variable:

-
"7— = 161&)1 9(1699) /0 1{§5<6}d3' (4286)
At k=0,& =0, E[t,] = 717/T'(§). Mean reversion changes the distribution, not
this normalization. The physical observation driver has xo = 0, with 0 < 6, < 1
and s, > 0 for its active boundary clock; at 6, = 0 retain the direct convention
C,=r.

For the deterministic physical target u(7'), the observable states are

St =Sty =Gy, 7 =@y, Xeur) = 0. (4.287)

Thus the rough-driver state is retained between observations. Unlike the physical-
driver version, £ and its boundary clock continue through skipped magic excursions
of x, even when dt = 0. Both drivers have independent innovations, and their in-
novations are independent of the financial innovations in this variant. Dependence
through the clocks remains: zero cross-brackets do not make the observed financial
state independent of its clock drivers.
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Complete drift and covariance specification. In the discounted-stock
convention, the full moments are

Eq[dS] = 0,
d(S)  dr + Vgudt + Vst
57 ¢ ’

Eq[d¢] = (39¥¢ — 5¢) dr
+ (3% + ar — BiC) dt
+ (§VYcp + N —12() db,
d{C) = ¢ (VedT + V¢ pdt + Ve zdt) (4.288)
d(¢, S) = =S (p\/VYe dT + pi/V¢ Vs dt
+ 10/ Ye Vs dt),

E[d§] = (0 — k&)dr, d(§) = 2¢dr,
Eldx] = (0y — ryx)dr,  d{x) = 2xdr,
(¢, S) = d(¢,¢) = d{& x) =0,
d(x, S) = d(x,¢) = 0.

The coefficient of d7/¢ remains one, preserving the scale of (. The signs of p, p;, and
N describe variance—stock correlations; reciprocal-state—stock correlations have the
opposite sign. A zero bracket between £ and ¢ does not make them independent:
¢ determines the rough clock of ¢. Here dt means the boundary clock of £ in magic
time. The driver—stock zero brackets are specified restrictions of this variant, not
consequences of clock singularity. The independent financial innovations retain the
stated stock—state correlations.

Parameter mapping. Existing parameters keep their meanings. The descrip-
tor keys are:
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Parameter Descriptor key

Co zeta_0

) vartheta

I5) beta

Ve evar_zeta

p rho

0 theta_chi

Ky kappa_chi

Vs evar_S_physical
Vet evar_zeta_physical
oy alpha_physical
By beta_physical

Pt rho_physical

0 theta

K kappa

&o xi_0

Vg evar_S

Yer evar_zeta_rough
N aleph

ul bet

A ecorr

The rough immigration is an independent excess above the compulsory one-
half-diffusion floor. Thus aleph is not a second copy of vartheta, and it may
remain nonzero when evar_zeta_rough=0. For active state diffusion the cash
characteristics and stock-numeraire characteristics are

2
Jar =0, Itr =09 — o,
) ) \/VC
2 2(ar — pp\/VYe VY
Dag =14 200 g =14 2O PV/OOsH) (4.289)
Ve Vet
2N 2(N—1,/VY1VYs)
Yar =1+ —, Vgr=1 : :
dz + Ver £ + Ver

They are not required to coincide. The previous shared-characteristic version in
is a constraint on a different subfamily, not a hidden restriction on these
independent coefficients. Imposing it here would also tie ay and N to diffusion
strengths and change the present calibrated family.

Require nonnegative diffusion strengths and stock weights, positive (o, ¥ > 1,
and channel correlations in [—1,1]. The selected stock bridge retains its existing
nonpositive leverage domain. For the new stochastic rough state channel use X > 0:
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its cash characteristic is then strictly above the inverse-moment floor one. The
stock excess must satisfy N —1,/¥:Wg > 0 for its nonattainment floor. Negative
leverage makes that excess no smaller than the cash excess. Retain the existing
physical-channel restrictions and its strictly positive excess when both physical
diffusions are active. An arbitrary additional numerical margin is not implied. If
a diffusion strength vanishes, apply the corresponding drift restrictions directly,
without division by that strength. In particular, at ¥ = 0, rough state diffusion
and rough state-stock covariance vanish, X > 0 can provide rough drift, and 1 is
irrelevant. Both affine drivers retain their parameters under the stock numeraire
because their stock brackets are zero.

Prescribed physical grid and magic-time rough sampling. Retain
the existing prescribed physical grid, including its editable geometric short-end re-
finement and every expiry knot. Generate the observation clock using the same
prescribed endpoint, conditional finite-mean-reversion clock mean and random
Gamma return construction. The complete launch-plus-return duration is retained
for every path. Its existing approximation is not replaced by exact inverse-clock
sampling or a new launch distribution.

Generate the added rough state over each path’s complete retained magic du-
ration. Use the stored positive cycle duration itself as A7, consistently with the
financial kernel. A difference of cumulative magic horizons is only a consistency
check: accumulation roundoff can conceal an increment smaller than the horizon’s
unit of precision. Neither the clock increment nor its normalization is rescaled to
correct that accumulation.

Reuse the existing native Torch affine rough-clock step, carrying each lane’s
endpoint £ and accumulated ? to the next outer slab. To preserve its existing
clock-only affine bound, use the vector-wide subdivision count

n = max <1, Fmaxl(’)a;hb‘(m)b , (4.290)

and give each lane n calls of duration A7/n. The longest magic lane controls
this rough-driver subdivision and the count is reported. This is separate from the
exactly configured number N of financial integration steps; no cap or automatic
financial-step refinement is introduced. The driver endpoints and rough increments
are generated over the outer slab, rather than resampled at its financial substeps.

For the complete increments A7, At and A, freeze their ratios and combine
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the same three financial channels:

A=V AT + VY At 4 Y AT,
W = AT 4+ Vg At + YAl

I = 29VAT + (3Yc + ap) At + (39cr + N)AT, (4.291)
R = BAT + BiAt + AR,

B =py/ WcAT + Pt\/w(,tws,tAt + 104/ \’)Qt\')sA?.

Use the reference state strength ¥ > 0 and define
D= z‘l/\Uc7 /Lgstep = 2I/A, Bstep = R/D, pstep = B/\/ AW (4292)

The positive magic contribution ensures A, W > 0 on these substeps. Cauchy—
Schwarz gives |pstep| < 1. The exact noncentral Gamma transition for this frozen
CIR slab advances ¢ over duration D, with state diffusion strength ¥, cash char-
acteristic Usep, and integrated reversion R. Its stock-numeraire characteristic is
(2I —2B)/A.

Integrate the frozen slab in exactly N equal financial steps of state duration
D/N and stock duration W/N. Equivalently, each such step receives A7/N, At/N,
and A?/N with the same frozen coefficients. This resolves the financial transition
without claiming to resolve the ordering of the rough clock inside the outer slab.

Apply the existing reciprocal conditional-stock construction with stock clock
duration W. Its fair inverse-state area is the state-clock integral multiplied by
W/D. Retain the analytic conditional martingale normalizer, the foreign first-
state-moment condition, and the idiosyncratic lognormal residual variance; none is
replaced by a sample-mean correction. The step still approximates the unresolved
ordering of the three clocks. The varying characteristic in is an explicit part
of the existing frozen-clock approximation, not a claim that a time-varying three-
clock CIR transition has a single exact global shape. The mean-bridge rough clock
also retains its established higher-moment approximation. Physical-grid, magic-
step, and variance quadrature checks remain separate.

Embedding and time dimensions. When Vg = Yy = N =12 = 0, by-
pass the added rough draws and delegate to the existing magic/physical simulator.
This preserves the previous random inputs and prices exactly. At 6, = 0, magic
and physical time coincide; the observation jumps disappear, while the remaining
magic-boundary clock still supplies its rough stock and state contributions.
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The rough-driver units are magic-time units:

€= = 1 =7 (K= ] = (8] = (717,
—_ 1-6 _ _ _ 0
{ =17 fos] = o] = N = [ .
2= [, 195 = [ = od) = [/
8] = (17"

V¢, the Feller characteristics and correlations are dimensionless. Engineering nor-
malization of the physical clock does not identify its boundary scaling with magic-
time scaling. In the zero-state scaling comparison, ¥ ~ 71=% and t ~ 717% give the
nominal rough-clock power relative to physical time

1-0
1-0,

(4.294)

The corresponding clocked-Brownian power is half this ratio. Positive initial state,
mean reversion and the deterministic fitted time map introduce crossover scales;
the observed process has jumps, so this comparison does not assign it a classical
local Hurst exponent.

Separate full-month calibration experiment. Retain the positive, calendar-
based physical map , with one date-keyed interval speed, unit descriptor
defaults and the first fixed unit anchor. There is no new business/holiday adjust-
ment. The map supplies the physical targets to the observation-clock sampler;
those generated magic durations then advance the new rough driver. External
market maturities, carry and implied-volatility annualization remain unchanged.

Use Monday 5 October 2026 EOD SPXW data at all twenty-three expira-
tions 6-9, 12-16, 19-23 and 26-30 October, and 2-5 November. Preserve all
4,863 positive-volume quotes, both rights and ITM/OTM strikes, the reported
close premium target, observed bid—ask half-spreads and source volume weights.
Zero-volume quotes have zero target weight; no new strike cutoff is applied.

The new notebook visibly initializes only the twelve rough-driver indepen-
dent base parameters and all twenty-three dated speeds from the previous full-
month confirmed vector. It imports none of that variant’s prices, error, opti-
mizer history or checkpoint. The eight rough parameters have fresh editable initial
values: 0 = 0.8, K = 10, { = 0.002, Vg = 0.02, Yy = 35.4145762448321,
N = 13.441311872884146, 2 = 0.14107684757865283 and N = —0.95. FExisting
descriptor scales and bounds remain in use, including the approved s change scale
100.

Retain the editable fitting ladder 32,768, 131,072 and 1,048,576 paths, with
exactly four, sixteen and sixteen financial steps, respectively. At each rung run
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the existing financial /time LM and rough/shape/time COBYQA blocks with their
configured 160-evaluation budgets. Include all twenty-two free speeds in both ap-
plicable global blocks. The approved physical correlation is fitted in COBYQA,
with its separate —0.05 starting trial only at the first rung. Later rungs retain the
attained correlation. Lower-path controls and plots remain explicitly provisional;
the final million-path fitting rung and independent final pricing use seed 202611001
and controls disabled.

The separate implementation and notebook have their own result directory and
resume only their own saved best. Keep the model specification before the editable
descriptor, live current/retained scores and counts, every fitted expiry plot, the
physical-time map and raw forward diagnostics. The existing AMD/ROCm Torch
environment and shared Jupyter server are retained. No calibration improvement
or convergence result for this new variant is asserted here.

Two affine stock contributions in the magic-time rough-
driver model

This separate extension adds stock contributions from both affine clock drivers to
(4.288]). It preserves all three reciprocal channels and their independent coefficients.
The earlier magic-time rough-driver model, its implementation and calibration re-

main the nested comparison. Use the normalization of (4.57): the new strengths
are He¢, Hy > 0, and their independent component correlations are pe, py € [—1,1].
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Full cash-measure specification. The complete discounted-stock moments
are

Eq[dS] =0,
d(S) dr +Vgudt +Vsdt  He+ Hyx
= : + dr,
52 ¢ 2

Eald¢] = (59%¢ — BC) dr + (5¥¢t + = BiC) dt
+ (3¥er + N —2() db,
d(C) = C (Wedr 4 W pdt + Ve dt)
(¢, S) = =S (p\/Vc dr + pi/Ve Vs, dt (4.295)
+10\/V Vs ),
Eqld€] = (0 — k§)dr,  d(§) = 2€dr,
[ x| = (6x — ryx)dr,  d{x) = 2xdr,
,S) = peSy/He £ dr,
,S) = pySy/Hy x dr,
(f,x) =d(§,¢) = d(x,¢) = 0.

The affine drivers retain independent Brownian innovations. Each new stock con-
tribution shares only its own driver’s innovation and an independent residual in-
novation. In particular,

as| _ JHiJ (o 2 rrd L ,
<l = T(p]dW +HdW ) je{&x}- (4.296)

H;j

Consequently the two new p; are Brownian correlations with their respective affine
stock components. They are distinct from the three existing reciprocal variance—
stock correlations. Their covariances in contain no additional factor 1/2
or v/2. Independent component choices in [—1,1] give a positive semidefinite full
covariance; a constraint on the sum of their squared correlations is unnecessary.
Their correlations with the total stock innovation are diluted by the other stock-
variance contributions.

Clocks, observations and parameter mapping. The canonical rough
clock remains the boundary clock of £ in magic time, and the physical clock remains
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the normalized boundary clock of x:

_0(1—6) [T
tT = hmee/o 1{§5<E}d87

el0
. 0,(1—=0,) [T
W= %lxeexx/o 1y, <e1ds, (4.297)
IN(Z
Cr = a X, a :%, 7(u) = inf{s : Cs > u}.
X't X 9X
(1= 0y)rx

Here a, is fixed by the cash specification. Use 0 < 0 < 1, 0 < 6, < 1 for active
boundary clocks; the existing normalized physical-clock construction uses x, > 0.
Start at xo = 0 at each observed valuation date and retain . At 6, = 0, set
Cr = 7 and x = 0 directly, so the H, contribution vanishes.

For the configured deterministic physical target u(T),

St = Srwry: T =Gy, =), Xrwr) = 0. (4.298)

The new x stock contribution generally has positive integrated variance during a
skipped excursion, despite its zero observed endpoints. The rough driver and its
clock continue over the entire retained magic duration, including the x return.

All twenty descriptor mappings in the preceding variant remain unchanged.
The four added entries are

Symbol Descriptor key Dimension

He H_xi [7]~2
My H_chi [7]72
pe rho_xi dimensionless
Py rho_chi dimensionless

These strengths are distinct from a Hurst exponent. The engineering normaliza-
tion of physical time does not change their intrinsic magic-time dimensions or the
boundary scaling discussed after (4.293)).

Stock-numeraire change and the fixed physical clock. The cross-
brackets give separate affine drift shifts:

Eeld¢] = [0 — mfg] dr, k=K — per/He,
Eeldy] = [0y — six]dr, KL = ky — pyv/Hy.
The two affine Feller characteristics 6, 6, do not change. The reciprocal stock drift
Erld(] = (39¥¢ — pv/¥e = BC) dr
+ (3%t + i — pi/Ve Vs — BiC) di (4.300)
+ ($Yer + N =10V Vg — AC) dt.
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Thus the three reciprocal characteristics retain (4.289). The new affine strengths
do not shift them because their Brownian stock contributions have zero bracket
with (.

The path functional C; = a, ¥ and target u(T') are the same under both
numeraires: do not replace the cash x, in a, by m;. Doing so would change the
physical observation rule. The law of the stopped magic duration changes under
the stock numeraire because y is now correlated with stock. Accordingly, the earlier
argument based on an independent random horizon cannot be used to prove the
stopped stock martingale. Its conditional construction must retain this change of

duration law, as well as suitable integrability.

Retained first-return information. The existing prescribed physical inter-
val selects a deterministic launch duration A and endpoint y = 0, h from the cash
conditional physical-clock mean. Retain its random return duration D to zero. For
0 <6, <1and kK, >0, its density is

Fi (R )% exp{ry D — kyy/(e™P — 1)}
D= 6,)(en P — 170 |

fox (D |y) = (4.301)
Its zero-rate limit is y'~%e%/P/[0(1 — 6,)D?*7%]. The retained duration stock
factor must include

fe (D |y)
Both densities integrate to one in the existing nonnegative-rate first-return helper
domain; hence the factor is analytically normalized over the actual sampled cash
return. Final xy = 0 alone contains neither this likelihood nor the excursion’s
integrated area.

Reuse the existing conditional first-return affine transitions to retain x inside
the return, and integrate their positive conditional mean areas at the existing
quadrature nodes. Exactly N financial substeps partition each complete launch-
plus-return cycle. Its prescribed launch uses x(s) = 6ys, with area th2 /2. The
launch stock variance is therefore ’HXHXh2 /4; the retained launch approximation
assigns it independent compensated Gaussian noise. It discards launch leverage.
An unconditional CIR launch endpoint likelihood must not be applied to this de-
terministic endpoint: it is not sampled from that CIR marginal and would not be
normalized under the selected launch law.

For each return substep, reuse the analytically normalized noncentral Gamma
endpoint factor, with the foreign conditional first-return mean computed at f@i.
The remaining Gaussian variance is (1 — p2)H, /2 times the conditional return
area. The complete x factor retains both these bridge factors and ; it does
not set the conditional return-duration factor to one.

Myp = (4.302)
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Rough-driver endpoint approximation and exact nesting. Retain
the existing £ rough-clock bank, its sampled endpoints and complete outer magic
durations. The separate £ stock factor uses the existing normalized affine endpoint
factor with cash shape 6 and the foreign mean determined by . Tts positive

forward-mean area is

L _ ,—kL _ ,—kL
Ba| [ e g —et o+ 2 (1o 1505, (1.303)

K K

with limit §oL+6L%/2 at k = 0. Its residual variance is (l—pg)Hg/Q times this area.
This uses retained outer endpoints; it does not introduce a new £ path sampler or
claim to recover all continuous joint rough-clock, area and return fluctuations.

The existing reciprocal factor stays conditionally normalized given its retained
clock inputs. The new endpoint and duration factors multiply it, while independent
compensated Gaussian variances add. These are analytic discrete first-moment
normalizers, not sample forward corrections. They do not make the complete
finite-grid joint law exact. At He = H, = 0, delegate directly to the old simulator,
including its random inputs, snapshots and outputs; both new correlations are then
irrelevant. There is no new state or clock.

Mathematical and helper domains; implementation status. Retain
the old reciprocal positivity and finite-inverse-moment conditions in both numeraires.
Add only nonnegative H; and |p;| < 1 to the covariance specification. The existing
numerical first-return helpers require sy, Kii > 0 and strictly positive return starts
and durations. The native £ sampler retains its nonnegative cash-rate domain. Its
endpoint factor requires a finite second moment of the selected exponential tilt;
failure is reported rather than clipped. These are specific helper domains, not a
new arbitrary parameter margin or a claim that every negative affine reversion rate
is mathematically inadmissible. The active physical-clock normalization retains its
positive cash rate. The initial separate implementation supports pe, py € [—1,0],
retaining the selected negative-leverage domain; this narrower support does not
make positive component correlation mathematically inadmissible.

The separate core, market and calibration adapters and notebook are im-
plemented under model identifier magic_xi_heston_reciprocal_v1; its market
adapter appends _prescribed_physical_cycles_v1l. Thirteen core and six adapter
CPU tests pass. A labelled GPU diagnostic on the shared AMD environment used
1,024 test paths at four and sixteen financial substeps. It verified zero-strength bit-
wise nesting, finite outputs with both new channels active, GPU stock tensors and
the exact configured x step counts. The separate calibration notebooks and saved
results record current errors, parameter vectors, evaluation counts and numerical
settings. Raw confirmations use at least 22° paths, sixteen financial substeps and
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controls disabled; provisional controlled fitting remains separately labelled. Im-
plementation tests and completed fitting passes do not establish convergence or
optimality. The old retained fit remains the exact zero-strength comparison, with
raw forward, parity, foreign-state moments and grid/substep checks reported sep-
arately.

Reciprocal dynamics with the joint boundary clock of
two magic-time drivers

A third separate variant retains both affine drivers in magic time, but replaces
the rough clock of € by the canonical boundary clock of Y = x + £&. The phys-
ical observation clock still uses x alone. All three financial channels, their sepa-
rate coefficients and the prescribed physical-cycle construction remain in use. The
physical-driver and magic-£ variants and their calibrated results are preserved.

Drivers, clocks and observable states. The two independent drivers sat-

isfy
dxr = (Ox = KxX7)dT + /2x- AW, x0 =0,
dér = (0 — k& )dT + /26 dWE, & >0, (4.304)
d(x, &) = 0.

The user-requested public calibration parameters are the sum characteristic ¢ and
its jump-driver weight w:

0
g=0xs=0,+0, w= =X, 0, = wq, 0= (1—-w)q.
q
The entries theta_sum and theta_weight replace the individual-characteristic de-
scriptor entries; they do not add parameters. Both use change scale 0.05 and
bounds [0, 1]. The pricing core retains its canonical 6, 6, dynamics and converts
the public parameters at the pricing boundary. Saved results record the canonical

values and the explicit public fit parameters. Then
Y =x+¢&, E[dY] = (0 — kyx — KE)dT, d(Y) =2Y dr. (4.305)

For unequal reversion rates this drift depends on the composition of Y, so the sum
is not a standalone affine process. At x, = & it is affine with characteristic 65.
The covariance identity holds for unequal rates too.

The valid split requires 0 < ¢ <1, 0<w<land 0< (1—w)g<1l. Atw=0
the physical clock is the jump-free direct identity. Values ¢ = 0 or w = 1 give zero
& shape and are invalid; the joint endpoint ¢ = 1,w = 0 gives § = 1 and violates
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the retained strict &-shape implementation domain. For an active joint boundary
clock require 0 < 0y, = ¢ < 1 and define

. Os(1—0s) (7
tT = 1:}})1 T /0 1{Xs+£.s<5}d5' (4306)

It increases on the simultaneous boundary x = & = 0. The requested closure 0y = 1
has no active joint boundary clock: set its rough increment to zero directly, rather
than evaluating a normalized zero divided by zero. Values fx, > 1 are excluded.

No arbitrary additional margin below one is imposed. When both initial states
and reversion rates are zero,

7_1702
ERr;] = . 4.307
1= Fan) (4:307)
This is not a clock-distribution formula for unequal nonzero rates.
Retain the normalized physical boundary clock of x from (4.243):
0, (0-06,) [T
X = 16%1 69></0 1iy,<e)ds,
(4.308)

r
C. = ((:X))‘)xt;(’ t=C,, 7(u) = inf{s: Cs > u}.
L =0y )ry

Use 0 < 0, < 1, ky > 0 for its active boundary clock, and 0 < § < 1, x > 0 for the
retained driver. At 6§, = 0, use the existing direct convention C; = 7, x = 0; the
joint clock then reduces to the canonical clock of .

For the configured physical target w(7T), the observable states are

ST = ST(U(T))? CT = CT(’LL(T))? gT = gT(’lt(T))? XT(u(T)) =0. (4309)

The £ state is carried between observations. Only x is zero at the physical observa-
tion boundary. The drivers have independent innovations and retain zero brackets
with the financial innovations; the clocks still induce dependence in observed fi-
nancial states.

Complete financial drift and covariance specification. For the dis-
counted stock, retain the same financial moments as (4.288)), with the new clock

Gregory Pelts cryptorado.ai/rough-diffusion 146


https://cryptorado.ai/rough-diffusion

meaning:

Eq[dS] = 0,
d(S)  dr + Vgdt + Ysdt
sz 5 ’

Eqldc] = (0w — B¢) dr
+ (3Yc + au — BiC) dt
+(3¥cr +N—2¢) db, (4.310)
d(C) = ¢ (Wedr + Ve dt + Veadt) |

(¢, S) = =S (p/V¢ dr + pia/V¢ Vs, di
+ 0/ VY Vs dt),

(¢, S) = d{§, ¢) = d(&, x) =0,

d(x,S) = d(x,¢) = 0.
The magic stock-variance coefficient remains one, fixing the scale of (. No Heston or
affine-driver stock-variance contribution is added. The signs of p, p; and 13 describe
variance—stock correlations; reciprocal-state—stock correlations have the opposite
sign. The zero driver—stock brackets are specified restrictions of this variant, not
consequences of clock singularity.

For positive corresponding reciprocal-state diffusion, the cash and stock-numeraire

characteristics remain

P
dar =1, pr=1— 2,
V¢
2 2(0 — V-V
Jae =1+ -2 9 =1+ (a0 = pry/ Ve S’t), (4.311)
Vet Vet
9N 2N — 10,/ Vs)
Ogr =14 - G =1 5
d + vy £ + Ver

Retain positive (p, nonnegative diffusion strengths and stock weights, 1 > 1, the
existing physical-channel excess-drift restrictions and positive rough excess for ac-
tive rough-state diffusion. The retained financial bridge has nonpositive lever-
age. Apply zero-diffusion drift restrictions directly, without division by a vanishing
strength. Both driver characteristics are unchanged under stock numeraire because
their stock brackets are zero. The additional joint-clock condition 6, +60 = ¢ < 1is
separate from these reciprocal inverse-moment conditions and is exposed directly
by the public sum parameter.

Approved joint launch-clock approximation. Keep the existing pre-
scribed physical grid and observing-driver cycle from (4.261))— (4.266)). For each
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positive physical increment, its existing conditional physical-clock mean determines
a launch duration A7 and deterministic terminal x; = 6, A7. This is a prescribed
endpoint, not a deterministic sampled launch path: the unresolved affine bridge
may revisit zero before that endpoint.

Sample & from its retained starting state over the launch duration using the
existing native Torch affine transition. Compute the rough launch increment as
its conditional mean given both endpoints. Let p,(s;x,y) and pe(s;x,y) be the
corresponding affine transition densities and define

1— e~ 1 — ="

- _ = 4.312

aX(S) ﬁx ) Gé‘(S) K ’ ( )

with a(s) = s at zero reversion. For 0 < 6, and fy < 1, the joint conditional
boundary mean is

E[AY | xo0 = 0, &0, x1,&1]
1-0x AT exp[—&oe " Jag(s)]
- T(6x) /0 ay(s)?xag(s)? (4.313)
Dy (AT — 5,0, x1)pe (AT — 5,0, )
Px(A71; 0, x1)pe (AT; €0, &1)
The normalization follows from the near-boundary triangular integral

10— r'e,)r)

0y—1,0—1 X 0

X"y’ dady = €. 4.314
/gc+y<e SINC) | )

The two reversion rates remain separate in this kernel. Conditioning on the sampled
& retains its dependence with the joint clock mean. The calculation still replaces
the conditional random clock by a conditional mean; it is not an exact sampler or
an exact higher-moment representation.

From the positive launch endpoint, sample the same first-return duration of x
using the existing native Torch Gamma draw. Before that first hit of zero, x > 0
and hence Y > 0. The joint rough clock therefore has exactly zero increment on
this final return leg. Advance £ through that sampled return duration and retain its
terminal state. Financial evolution covers the full launch plus return duration. The
prescribed conditional-mean physical increment is unchanged. At 6, = 0 use the
existing one-driver ¢ clock branch directly, and at 0y, = 1 use zero rough increment.

The extra endpoint transition and joint-density quadrature have been explicitly
approved for this variant. They use the established AMD/ROCm Torch backend
and do not alter the physical launch proxy, first-return distribution, physical grid or
financial step count. The joint-clock kernel, reciprocal core and market adapter are
implemented. Their conditional-mean approximation still discards residual clock
randomness beyond the sampled endpoints; the small implementation check below
is not a quadrature-convergence result.

ds.

Gregory Pelts cryptorado.ai/rough-diffusion 148


https://cryptorado.ai/rough-diffusion

Combined reciprocal financial step. For each complete slab, combine its
three clock increments using

A= WcAT =+ \’)C,tAt + \’)CJAV,
W = A1 + Vg At + YgAl,

I =39WAT + (39 + ap) At + (W r + N)AT, (4.315)
R = BAT + B At + 2AAT,

B = P/ \(')CAT + Pt/ \Ugtw&tAt + 1./ \UCJ\’)SAV.

Retain the reference state strength ¥ > 0 and the existing effective parameters
D =A/v, Ustep = 21 /A, Bstep = R/ D, pstep = B/VAW. (4.316)

The positive magic contribution ensures A,W > 0, and Cauchy—-Schwarz gives
|pstep| < 1. Use the same noncentral-Gamma reciprocal transition and conditional-
stock construction, with foreign characteristic (2 — 2B)/A. Retain the analytic
conditional martingale normalizer, foreign first-state-moment matching and id-
iosyncratic lognormal residual. The fair inverse-state area is multiplied by W/D
to convert from state to stock duration. No sample-dependent adjustment replaces
these analytic conditions.

Use exactly the configured number N of financial integration steps per positive
physical slab, initially four and finally sixteen. Each receives A7/N, At/N and
AY/N, or equivalently state duration D/N and stock duration W/N. No maximum
step cap or automatic financial subdivision is added. The unresolved ordering of the
three clocks remains the existing frozen-slab approximation. Joint-clock quadrature
and financial discretization require separate checks.

Parameter mapping and time dimensions. The public descriptor has

twenty model parameters. Its sum and jump-weight entries replace the individual-
characteristic entries; the other eighteen keys retain their roles:
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Parameter Descriptor key Time dimension
o zeta_0 [T]

) vartheta dimensionless
g beta [7]~1

A2 evar_zeta dimensionless
P rho dimensionless
q = Ox, theta_sum dimensionless
Ky kappa_chi [7]~1

Vgt evar_S_physical [7]/[t]

Ve evar_zeta_physical [7]/[t]

oy alpha_physical [7]/[t]

Bt beta_physical [t]-!

Dt rho_physical dimensionless
w=~0,/q theta_weight dimensionless
K kappa [7]~1

f(] xi_0 [T]

Vg evar_S [7]%®

Vet evar_zeta_rough [7]0=

N aleph ke

a bet [r]0=—1

jA] ecorr dimensionless

The canonical pricing values theta_chi= wq and theta= (1 — w)q are derived
rather than additional editable entries. The optional dated time_speed dictionary
retains its existing positive interval map, with unit defaults and at least one fixed
anchor. Its factors convert calendar increments to model physical increments; they
do not rescale the generated magic clock.

The joint clock has units [t] = [r]} 9. Consequently the rough financial strengths
depend on the sum characteristic rather than on 0 alone. At the zero-state, zero-
reversion scaling limit,

v~ T t~ 7 ? ~ tlma)/(mwa),

(4.317)

Half this last power is the corresponding clocked-Brownian scaling power. This
comparison does not assign a classical local Hurst exponent to the observed stock
with jumps. Positive initial state, reversion and a fitted physical map introduce
crossover scales.

Implementation, validation and calibration status. The separate magic_sum_rough_reciproc:
kernel, core and market adapter are implemented; seven core and fourteen mar-
ket tests passed on CPU. A labelled implementation check on the shared Jupyter
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server used the AMD Radeon RX 7900 XT, 4,096 paths, four physical intervals,
exactly four financial steps and controls disabled. Its raw forward discrepancies
were within approximately 1.04 reported Monte Carlo standard errors. Physical-
cycle generation took 0.01510 seconds, the joint clock 0.24383 seconds, the previous
magic-¢ clock in the timing comparison 0.05029 seconds, and financial integration
0.28443 seconds. These measurements are not a fitted or final result, nor evidence
of convergence or full-size pricing performance.

The user paused the previous fit and requested calibration of this variant.
Preparation retains the Monday 5 October 2026 EOD snapshot, its nine expirations
through 16 October and all 2,517 positive-volume quotes, with the reported close
target and existing volume/spread weights. Ounly the Friday 9 October to Monday
12 October physical interval speed is free; it starts at one, with all other speeds
fixed at one. The same staged LM/COBYQA procedure is retained, with the user-
requested public sum/weight descriptor above. The separate constrained runtime
proposal was discarded before calibration. There is no new numerical margin, hid-
den projection or adjusted pricing target. Its own checkpoints and notebook remain
distinct. No previous variant’s score is presented as a result of this model; no new
calibration score, variance table or numerical-convergence conclusion is asserted
here.

Affine stock contributions with a physical-time rough
driver

Extend (4.280]) separately, preserving its three reciprocal channels. The £ affine
stock contribution runs in physical time, while the observing x contribution runs in
magic time. Neither the original physical-driver model nor its retained calibration

is replaced. The strengths use the #H /2 convention of (4.57)), with two independent
component correlations.
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Full cash-measure moments and clocks. For discounted stock, the com-
plete specification is

Eq[dS] =0,
d(S)  dr +Vgudt +Vsd? Hgf Hyx
@ = c dt + 5 dr,

Eq[dC] = (39¥¢ — BC) dr + (5% + oy — BiC) dt
+ (§Ycp + N —2() dr,

d(¢,S) = —S(p\/W»CdT + piy/ VY, Vs,pdt (4.318)
+ 10,/ YerVgdt),

Eq[dg] = (0 — x&)dt,  d(§) = 2¢dL,
[dx] (O — rxx)dr,  d{x) = 2xdr,

,S) = peS~/Hekdt,

,S) = p S/ Hyxdr,

( X) = d(§, Q) = d{x, ) = 0.

The rough clock remains , the canonical boundary clock of & in physical
time. In magic-time equations, dt means d(¥¢,). Retain t = C; = a, ¥ and the

cash-normalized physical clock from (4.297). Thus ¢ and its rough clock are frozen
during each skipped x excursion, where dt = 0. Observations are

St = ST(U(T))’ (r = <T(’U,(T))7 §r = 5u(T)> Xr(uw(T)) = 0. (4319)

Keep xo = 0 and carry §. At 0, = 0, the existing direct branch has C; = 7 and
x =0.

Each new stock channel has Brownian loading \/H,j/2(pjdW7+,/1 — p?de’L)

in its own driver clock: dt for j = £ and d7 for j = x. Therefore the new cor-
relations have their stated component meanings, without another factor 1/2 or
V2 in their brackets. The independent residuals and reciprocal innovations give a
positive semidefinite covariance for independently chosen component correlations
n [—1,1]; there is no sum-of-squares restriction.

Numeraire change and parameter units. The affine characteristics re-
main unchanged, while

Erld€] = [0 — (x — pey/He)e] dt
E¢ldx] = {ex — (kx — pX\/}TX)X} dr

(4.320)
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The reciprocal stock drift is still , with this physical-boundary meaning of
dt. Tts cash and stock inverse-moment conditions remain . Keep a, at its
cash value under the stock measure; replacing its cash x, by the shifted rate would
change the observation rule. The stock-measure return-duration law is instead
represented by .

Retain all twenty old parameter meanings and add H_xi, H_chi, rho_xi, rho_chi.
Their units distinguish the two driver clocks:

€ =11 <= =7
[He] = 1172 Hd = 1172 )
1= 1", o] = [¥er) = [N = 71/~

W =17 )= [

Both correlations are dimensionless. In common engineering time units these re-
duce to the previous power rules; their boundary scaling must still distinguish
physical time from magic time.

Separate finite-grid construction and status. Keep the original pre-
scribed physical cycles, physical & rough bank and combined reciprocal financial
slabs. For &, reuse the retained outer physical endpoints and normalized Gamma
endpoint factor with the foreign affine mean. Evaluate at L = At, not AT;
its independent residual is (1 — pg)H5/2 times this area.

For x, reuse the first-return construction described after (4.302): retain exactly
the configured N complete-cycle financial subdivisions, positive conditional return
areas, conditional endpoint factors and the cash-to-stock duration likelihood. The
prescribed deterministic launch receives its independent compensated Gaussian
variance and discards launch leverage. Observed zero endpoints do not remove
its return area or duration likelihood. These analytic discrete normalizers do not
make the unresolved joint driver, rough-clock and stock path law exact. Mean-
area proxies must not be identified with observed jump quadratic variation without
further analysis.

Setting both added strengths to zero delegates directly to the original physical-
driver simulator, preserving its random inputs and outputs. The existing reciprocal
conditions and helper domains remain: the initial implementation supports neg-
ative component leverage, nonnegative cash affine rates and nonnegative shifted
x return rate, and retains the endpoint tilt’s finite-second-moment check. These
helper restrictions are distinct from continuous covariance admissibility and add
no arbitrary numerical margin.

The separate model identifier is magic_physical_heston_reciprocal_vl; its
market adapter adds _prescribed_physical_cycles_v1l. Its separate core, mar-
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ket and calibration adapters and notebook are implemented, with twenty-one fo-
cused CPU tests passing. The three-extension comparison uses the same nine
October expirations, one Friday-to-Monday speed and existing joint-trial, residual-
secant and SVD search; it does not replace that search by a generic Python opti-
mizer. The separate notebooks record current calibration scores, fitted parameters
and raw million-path /N16 confirmations. Provisional controlled fitting remains dis-
tinct. Passing implementation tests or completing a fitting pass does not establish
convergence or an optimal fit.

Affine stock contributions with a joint magic-time bound-
ary clock

Extend separately with the same two affine stock channels as . Both
drivers and both added stock contributions run in magic time. The original sum-
clock model and its retained calibration remain intact. The physical boundary
clock uses x alone, while the rough clock uses the joint boundary of Y = x + €.

Full moments and the joint clock. The complete cash specification is

Eq4[dS] =0,
d(S)  dr + Vgdt +Vsdd  Hel + Hyx
= : + dr,
S? ¢ 2

Eald¢] = (39%¢ — BC) dr + (3¢ + o — BiC) dt
+ (3VYer + N —20) at,

d(C) = ¢ (Wedr 4 V¢ 4dt + W),

d((, S) = =S (py/Vedr + pi\/V¢ Vs dt (4.322)
+0y/YVsdt),

Eq[d€] = (0 — k§)dr, d(§) = 2&dr,
[ x| = (0x — kyx)dr,  d{x) = 2xdr,

S) = peSy/Heldr,

,S) = pXS\/”;’-TxxdT
( x) = d(&,¢) = d{x,¢) = 0.

The new correlations have the component meaning in . Independent residual
innovations give a positive semidefinite full covariance without a sum-of-squared-
correlations constraint. All reciprocal coefficients, correlations and drift conven-
tions are preserved.
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Keep the public characteristic and jump weight
q="0+9, w = 9X/Qv by = wq, 0=(1-w)q. (4.323)

The editable keys theta_sum, theta_weight replace the two individual shapes,
with the established scales and bounds. Require 0 < ¢ < 1,0 < w < 1,0 <
(1 —w)g < 1. Active rough time uses ¢ < 1 and the canonical clock

_ql—q) [T
tT = leli’g T /(; 1{Xs+€s<€}d8. (4324)
At g = 1 set its rough increment to zero directly. At w = 0 retain the exact physical-
clock identity; ¢ = 0 or w = 1 would give an invalid zero £ shape. Retain the cash

physical clock (4.308) and observed states (4.309)), with xo = 0 and retained &.
No additional state or clock is introduced.

Stock measure and the sum characteristic. The separate affine rate
shifts are (4.299)); the reciprocal stock drift is (4.300)) with the joint-clock meaning
of dt. The sum has

d(Y) =2Ydr,
(¢—~

E[dY] = WX — KE)dr, (4.325)
d(y, S)

= (e VHeE A+ pv/Hyx)dr.

Both individual characteristics, and therefore ¢, w, are invariant. For unequal rates
the sum is not a standalone affine process. Equal cash rates need not remain equal
after independent stock-measure shifts. The local-time normalization uses the same
g under both numeraires. Likewise, keep the physical-clock multiplier fixed at its
cash value; the stock return-duration law changes through its density likelihood,
not through renormalizing physical time.

Keep the old public twenty entries and add H_xi, H_chi, rho_xi, rho_chi. The
intrinsic units are

€l =D0d =1 =, [He] = [Hd = 7],
1= 17 (0] = (V] = N = 71" (4.326)
2] = [

The shapes, weight and correlations are dimensionless. Relative to the physical
boundary scaling, the rough-clock power remains (1 — ¢q)/(1 — 6y); the affine ad-
ditions do not change this intrinsic clock comparison or identify a local Hurst
exponent for the observed process with jumps.
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Retained approximation, nesting and status. Reuse the approved joint
launch-clock conditional mean in ([£.313), conditioned on the same sampled ¢ launch
endpoint. Sample its ¢ return endpoint with the existing affine transition over the
retained x return duration. The joint rough increment stays zero during that
first return: x > 0 before its final hit. The conditional clock mean still discards
remaining clock randomness and is not an exact joint-clock sampler.

The composed launch and return transitions give the outer £ CIR marginal.
Apply the existing normalized endpoint stock factor with its shifted affine mean,
and the positive forward-mean area in at L = Ar. The residual variance
retains (1 — p?)?—[g /2 times that area. This does not reproduce every joint rough-
clock, area and stock fluctuation.

Reuse the same x conditional return transitions, positive areas and duration
likelihood from ([£.302), with exactly N financial subdivisions of every complete
cycle. The prescribed deterministic launch has independent compensated Gaussian
stock variance and discards launch leverage. All old reciprocal slab coefficients
and analytic normalizers remain unchanged; no sample forward correction or clock
rescaling is added.

At He = H, = 0, delegate to the old sum simulator bitwise, preserving draws
and snapshots. At ¢, = 0, the x contribution vanishes. Keep the old reciprocal
inverse-moment conditions and the stated native helper domains, including non-
negative return rates, negative implementation leverage and finite endpoint-tilt
second moments; these do not add an arbitrary new financial bound.

The separate model identifier is magic_sum_heston_reciprocal_v1; its mar-
ket adapter adds _prescribed_physical_cycles_vl. Its separate core, market
and calibration adapters and notebook are implemented, with twenty CPU tests
passing. Rotation with the two other affine extensions uses the same nine-expiry
target, single weekend speed and authorized coupled joint-trial, residual-secant and
SVD search. Raw million-path /N16 confirmation remains distinct from provisional
controlled fitting. Current errors, parameter vectors and stage counts are recorded
in the separate notebooks and saved results. Passing implementation tests or com-
pleting a fitting pass does not establish convergence or an optimal fit.

An affine-sum volatility model in magic time

Consider a separate specification with two affine states, £ and Z, in magic time
7. The process = generates the physical boundary clock and also enters stock
variance. There is no separate reciprocal state ¢ and no additional rough clock.
The reciprocal variance contribution is the inverse of £ 4+ Z; two linear variance
contributions permit separate stock correlations with the two drivers. The symbols
K and P are upper-case parameter commands rendered as the Roman glyphs K
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and P, distinct from s and p.

Cash-numeraire moments. For the discounted stock, the implemented affine
baseline moments are

Eq[dS;] = 0,

Eq[dé-] = (6 — k&r)dr,

Eq4[dE;] = (© — KE,)dr,

d(§)r = 26 dr, d(E), = 22, dr,
a(S), [ n - '
2 T lag+s ' e
d<£§s>7 = p&V20dr,
d(z, 5)

5 T =PEV2Xdr

The nonnegative strengths are 8,3, o and the two correlation parameters satisfy
Ip|, |P| < 1. A Brownian realization uses independent W& W= W+ and

dgf = o0& dWE + P\/SE, dWE

N =
+ \/fr = + (1= p2)o& + (1 — PXE, dW, (4.328)

dé; = (0 — kr)dT + /26, AWE,
d=, = (0 — KZ,)dr + /25, dW=.

Thus Y= and o0& are Heston-type linear variance channels. The independent stock
variance left after the correlated channels is exactly the nonnegative expression
under the final square root. The parameters p and P are correlations with their
respective linear stock channels; the correlation with the complete stock innovation
is attenuated by the other variance contributions.

The retained parameter domain is

0<h<1, 0<o<l1, 0+06>1, & > 0, Zo = 0. (4.329)

Each individual affine state may reach zero, while their sum has a Feller character-
istic greater than one. Near the joint origin, the inverse-sum moment at a positive
deterministic magic time has the integrability condition # + © > 1. This does not
give an integrability bound for 1/£ at physical boundary observations.
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Reuse of the reciprocal model. The sum of the two independent affine
states has moments

E[d(¢ + E)] = (0 + © — k¢ — KE)dr,

4.330
d(€ +Z) = 2(¢ + =)dr. (4.330)

If k = K, its unconditional scalar dynamics are precisely the reciprocal model’s
denominator process, with state £ + =, characteristic 8 + ©, diffusion strength 2,
and the common reversion coefficient. The existing fair-integrated-variance formula
can therefore be reused for its unconditional fixed-magic-time law, multiplied by
N. Unequal reversions retain dependence on the state split; the scalar sum is then
not an affine process with constant reversion. No equality of these two parameters
is imposed here.

Conditioning = on a sampled first return, or prescribing its launch, also changes
the aggregate transition law. Even at equal reversions, the unconditional reciprocal
formula is not thereby an exact conditional return-bridge variance formula. The
existing analytic normalization of stock endpoint factors can nevertheless be reused
on each actual conditional Gamma transition. The reciprocal variance channel
itself has no state—stock covariance in ; leverage comes from the two linear
variance channels.

Stock numeraire. The covariance shifts only the proportional drifts. Under
the stock numeraire the affine characteristics remain # and ©, and the two reversion
coefficients become

K =k—pV20, K=K-PV2x. (4.331)

These shifted coefficients are properties of the model’s change of numeraire, rather
than corrections based on simulated stock means. The reciprocal stock chan-
nel contributes no state—stock covariance. Because = shares financial noise, its
return-duration law under stock weighting differs from its cash-numeraire law when
PVY # 0. It cannot be treated as an independent observing clock in the stock
conditional moments.

Rational reciprocal leverage and a common numeraire family. The
agreed complementary extension retains positive constant immigration for both
states and allocates the reciprocal stock channel along their sum. Introduce a
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common rational drift coefficient «v and reciprocal leverage coefficient 1:

Eq[de] = :9+a£f5—m§] dr,

Eq[d=] = @+a§;H—KE}dT,

4. 5) . (4.332)
5’, = pS\/%%—Dm :} dr

U~ pevas Ve S ar

The stock and state quadratic variations and d(§,=) = 0 in are retained.
The two rational fractions add to one. The additional covariance with the sum is
therefore ¥v2R dr, and 1 is the reciprocal channel’s correlation with the radial
Brownian motion of £ + Z. Its individual state correlations are N4/&/(€ + Z) and

Z/(€+5).
The cash and stock drifts have exactly the same parametric form:
BS(dE] = [0+ 0t — k] ar
ES[dE] = [@ +a° “% — KSE] dr, (4.333)

S = a+nVR, Iﬁ}S:Fd—p\/QO'.

The constants 6, © remain unchanged; K° retains the shift in (#.331)). Multiplying
the entire immigration 6 by the ratio would remove the positive drift at £ = 0,= >
0, allowing absorption and invalidating the previous joint-origin argument. The
added term instead vanishes there.
The aggregate moments are now
Eqld(€+ZE)] =0+ 0 4+ o — k{ — KE] dr,
ES[d(¢ + E)] = [0 + © + o — k%¢ — K E] dr, (4.334)
dE+Z) =2+ E2)dr
The positive-magic-time inverse-sum conditions in the two numeraires are
+0+a>1, 0+O0+a°>1. (4.335)

These are conditions protecting the joint origin; they do not by themselves prove

the stock martingale property after physical-time observation. Exact scalar affine
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closure requires x = K in cash measure and, separately, £° = K® in stock measure.
Equal cash reversions do not imply equal stock reversions.

The independent stock-variance rate must account for the reciprocal contribu-
tion sharing both state Brownian motions. It is

(1—n?) + (1= p?)o€ + (1 - P?)%E

£+E

PVEE
_Qn\/ﬁpﬁii:f .

(4.336)

Its nonnegativity is a covariance requirement. In particular, p,P < 0, ¥ > 0 and
lpl, 9], |P| < 1 make every displayed term nonnegative. Positive 13 gives negative
stock—reciprocal-volatility leverage, because increasing ¢ decreases the reciprocal
variance channel; the negative p gives negative leverage for the linear o€ channel.

The baseline implementation described below corresponds to @ = 1 = 0.
Nonzero a makes the individual cash transitions coupled and nonaffine. In partic-
ular, the physical = return is no longer the unchanged affine Gamma law. Even
at a = 0, nonzero 1 changes its stock-weighted first-return law, so the baseline
duration-density ratio cannot be reused unchanged. We consider the integrating-
factor construction below. Its numerical physical-clock matching and validated
stock compensation remain pending; the previously reported calibration scores be-
long to the baseline.

First calibration stage: affine cash dynamics with reciprocal lever-
age. The separate initial calibration fixes a = 0 and allows 1 to vary. This is
a subfamily of , not a fit of the coupled nonlinear cash clock. Its stock-
numeraire rational drift remains o® = Pv/2R and need not vanish. Cash states,
the prescribed physical launch and return, the configured full-cycle step count, and
the analytically normalized linear stock factors are retained. The linear first-return
density factor is also retained for its linear contribution alone.

Only the rational stock contribution is added, using the potential 1/R/2log(¢+
E), its cash It6 drift and the linear-rational covariance compensation. Each step
reuses the existing reciprocal inverse-area estimate and freezes its beginning-state
fractions. The rational squared exposure and twice its cross exposure are subtracted
from the previous independent stock-variance area. The deterministic launch has
no = Brownian exposure, while its independent = stock noise is retained. These
are finite-step Fuler approximations; they do not establish exact finite-step stock
normalization. The rational return weighting is included in this path factor, with-
out adding another return-density ratio or any sample normalizer. Raw stock
forwards and put—call parity errors must be reported at every expiry. At Q3 =0
the separate implementation delegates to the baseline exactly.
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The separate notebook is example_magic_affine_sum_rational_calibration.ipynb.

Its selected SPX/SPXW target contains 33 strips on 30 dates, 6,487 positive-
volume quotes, from seven days through three months; both rights and all supplied
in- and out-of-the-money strikes retain the established volume/bid/ask objective.
The first date is fitted before assessing candidates on the full target. Initial fitting
uses 8,192 paths, four magic integration steps per positive one-day physical interval
and explicitly labelled control variates. Final pricing requires 229 paths, sixteen
configured steps and raw uncontrolled prices. Date-speed nesting, checkpoint re-
sume, live counts and plots are retained. No calibration result for this stage is
asserted here yet.

Integrating factor and an intrinsic affine return. Within a physical
cycle define an auxiliary positive integrating factor A, initially one, and intrinsic

time 7: .
AT:em{/)<K—- a_,)d%, 47 = A, dr,
0 €+ 2, (4.337)

Us = A€, Us = AE.

Resetting A = 1 at an observation changes auxiliary coordinates only; the observed
financial states are carried forward. Product It6 calculus gives

dU= = ©d7 + \/2U= dB=,

Ue| ~
a4 _ o ad dar _ 1
dr Ue + Uz’ dar A

The transformed Brownian motions have zero cross-covariance. The physical driver
U=z is an autonomous zero-reversion affine process for unequal as well as equal
original reversions. When x = K, both transformed states are independent affine
processes. From a positive transformed launch endpoint ¥, the intrinsic first-return
duration is exactly y/G, with G ~ Gamma(1l —©,1). Its conditional return bridge
retains characteristic 2— 0. This exact intrinsic law does not give the actual magic
return duration without integrating 1/A.
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The stock moments become

d<S> - [ N n O'Ug + XUz e
S2 T |Ue+ U= A2 "
dUe,8) | Uev/20 _
—g S|P HRV2 U5 + U= dr, (4.339)
d{U=,S) UH\/
g = 1 +NV2 UH] dr.

The reciprocal variance strength remains X; the linear strengths become o /A% and
/A2,
The canonical boundary clock transforms as

dt® = A9 U=, (4.340)

Indeed, = = Uz/A and dr = d7/A turn the occupation limit e~ [ 1z« d7 into
the weighted occupation limit for Uz. The same factor applies with the paper’s
fixed canonical multiplier. Observations remain U=z = 0, but physical clock incre-
ments depend on the path of A. N

For an intrinsic launch of duration A and endpoint y, the zero-rate conditional
edge kernel is

-1 (g? $>66Xp [—ﬂ <ﬁ —- %)] P

For nonzero «, the required physical conditional mean contains A9~! inside the
expectation. A sampled or prescribed A depends on the same state path; mul-
tiplying this kernel by a frozen weight is an approximation. The numerical trial
retains the daily physical grid and configured counts 4 and 16. Its launch predic-
tor, finite-step integration and weighted-edge mismatch remain to be specified and
tested; prescribed grid labels do not establish exact physical-clock matching.

At a =0, A =1+ K7 is deterministic. The existing finite-reversion launch h,
with physical-state endpoint y = ©Oh, has exact transformed coordinates

Kh _ 1
K )
The weighted zero-rate kernel reproduces the existing normalized conditional clock

mean. Using y = ©h or only the small-step power law would change the finite-
reversion baseline. Validate the trial at & = 3 = 0 before extending calibration.

~ e

h:

7 = Rhon. (4.342)
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In this intrinsic formulation K = 0 is mathematically allowed, but the existing
normalized physical-clock multiplier K=© is then undefined and cannot be silently
retained.

Implemented baseline: physical observations and prescribed grid.
Use the same normalization of the affine boundary clock as in (4.243)), now gener-
ated by =:

r®) = 7(u) = inf{s : Cs5 > u}, K> 0. (4.343)

“r=l_exke '

The observed states are St = Sy(y(7y)) and &r = & (1)), With Z = 0 at physical
observations. Start the physical driver at zero on every observed valuation date.
The deterministic business-time and fitted interval-speed map u(T) is applied be-
fore the inverse clock. Forward curves, discounts and expiration dates retain their
market conventions. FExpiries sharing a date share the same speed, and at least
one speed remains fixed to anchor the deterministic time scale.

For the selected simulation approximation, reuse the established regular mapped
physical grid with exact expiration nodes. For a positive physical interval Aw,
choose the launch duration h from (4.261)) and (4.263), replacing (6y, ) by (6, K).
The approved deterministic launch is explicitly

Efundl =0Ou, 0<u<h, Y= Oh. (4.344)

This is a linear proxy, including at finite mean reversion; it is not the stochastic
affine launch path or its exact mean-reverting mean. From y sample the future
first return to zero using the existing Gamma law

D= %log <1 + Iéy) , G ~ Gamma(l — ©,1). (4.345)

The state simulation evolves & over the launch and the entire sampled return. Con-
ditional on this first-return duration, the positive = return bridge uses the existing
affine dual characteristic 2 — ©, rather than an unconditioned affine endpoint tran-
sition. At the next physical node retain £, set = = 0, and advance physical time
by the prescribed Au. The separate stock implementation evolves its conditional
moments over these same intervals.

The fixed integration count remains configurable and applies to every path
across its complete launch-plus-return duration A+ D per positive physical interval:
initially 4 and finally 16. The launch does not add a further financial integration
step. The complete launch and return must be covered without dropping long re-
turns or adding a maximum-step refinement. The physical-driver surrogate retains
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the launch and conditional-clock approximations already identified in
use of its Gamma first-return law does not make the complete clock surrogate
exact.

Inverse-sum variance integration. Full variance integration cannot use the
instantaneous boundary value X /¢ as a trapezoid endpoint. At physical observation
nodes = = 0; affine £ laws with 6 < 1 can have E[1/£] = oo, even though the joint
positive-magic-time inverse-sum moment is finite. A sufficiently small realized &
would therefore create a spurious, unbounded endpoint contribution. The recipro-
cal contribution is instead integrated using the approved local affine approximation
described below. The sampled = states retain their first-return conditioning, while
the local scalar fair-variance approximation does not reproduce that full bridge law.
The reciprocal area must not be replaced by a boundary trapezoid, an arbitrary
denominator floor or clipped paths. The two linear channels have no inverse-state
boundary singularity.

Completed state simulation. The separate module py/magic_affine_sum.
py implements parameter validation, the deterministic launch, and the retained or-
dinary affine and first-return-conditioned affine samplers. The module py/magic_
affine_sum_paths.py implements complete-cycle state simulation with exactly
the configured number of equal subdivisions of h + D. A subdivision straddling
launch and return remains one step. Its snapshots contain &, =, 7; every physical
observation has = = 0. Its metadata explicitly reports that stock pricing is not
implemented. The ordinary affine sampler supports x > 0; this is an implemen-
tation restriction, not a further mathematical stability condition or an arbitrary
finite parameter bound. No calibration or stock-martingale verification is reported
for this state-only implementation.

Stock return weighting and the local affine Euler step. Write fk (D |
y) for the exact first-return density associated with . At the prescribed
launch endpoint y = ©h, stock weighting of a return cycle must include the likeli-
hood ratio

w(D | y) = Jxs(D | y) Eqlw(D|y)] =1 when K% > 0. (4.346)

fk(D1y)’
Both densities then integrate to one. Normalizing the stock only inside a domestic
return-conditioned bridge would remove this necessary duration tilt. The finite-step
construction reuses the existing normalized exponential tilts of Gamma endpoint
laws for the ordinary £ transition and the conditional = return bridge, targeting
their stock-numeraire endpoint means. Their zeroth and targeted first moments
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are analytic, but mean matching is not the exact finite-step stock-numeraire bridge
distribution. For each actually sampled conditional endpoint law, the retained
normalization is

exp(az1)

M, = :
v Eqlexp(agxy) | Z]

Eq[M, |Z] =1, =€ {£E), (4.347)

where Z contains the current states and the retained clock conditioning. The de-
nominator is the existing analytic Gamma Laplace normalizer, not a simulated
average. Multiplication by an independent conditional Gaussian factor exp(y/vZ —
v/2) preserves this first moment for any finite nonnegative conditional variance
v. At a physical-cycle observation, the factor w(D | y) must remain outside the
product of normalized bridge factors. Its expectation one, combined with the condi-
tional endpoint normalizations, is the required martingale construction. Variance-
approximation accuracy is a separate question from this analytic first-moment iden-
tity. The separate helper module py/magic_affine_sum_moments.py now reuses
the existing Gamma normalizer and implements the return-time density ratio. It
includes the deterministic final-zero endpoint, whose factor is exactly one. These
helpers have analytic moment tests and a raw native-GPU first-moment check.
The complete stock module py/magic_affine_sum_stock.py now combines these
factors with the approved local reciprocal Euler area and linear-channel residual
variances. Its conditional snapshots retain the raw log forward, independent log-
normal variance, both affine states, magic time, the accumulated fair-area proxy,
and the clock likelihood. The separate py/magic_affine_sum_market.py adapter
uses the existing conditional-lognormal option payoffs and source volume /bid /ask
target. It retains every supplied option right and moneyness, raw forward diagnos-
tics, and the prescribed physical grid. No calibrated option-price result is claimed
here.

The approved deterministic launch has no random = innovation with which to
realize the specified P leverage. Its stock convention supplies the full ¥= stock vari-
ance as an independent compensated lognormal contribution, with launch variance
YOh?/2 and no launch leverage. This is a departure from the stochastic launch
covariance, not an identity of the continuous model.

The approved reciprocal area approximation treats £ += as locally affine, freez-
ing the split-dependent reversion at the start of each configured Euler step:

_ KE+KE

off = = 4.348
o = T (4.343)

Reuse the existing reciprocal fair-integrated-variance formula with initial state & +
=, Feller characteristic 8 + O, diffusion strength 2, and rate keg, and multiply
its result by the stock strength N. If V denotes that existing expected integrated
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inverse-state formula, the selected Euler-step contribution is
AVreciprocal = N V(AT + 2,0 4 O, ke, 2) . (4.349)

This integrates the frozen affine reciprocal mean within the step, instead of multi-
plying a potentially singular boundary value by its duration. The formula is exact
for the unconditional aggregate at equal reversion rates; freezing unequal rates,
imposing a deterministic launch, and conditioning the physical driver on its future
first return make its application here a local Euler approximation. The configured
N steps still cover each complete h+ D cycle. Analytic stock-factor normalization
preserves the conditional mean in this construction; variance accuracy and market
calibration require separate validation.

Stored variance and the clock likelihood. The implementation stores the
accumulated reciprocal and linear fair-area proxies separately from the raw model
log-contract value. For both linear channels, the independent conditional Gaussian
contribution uses the established Heston noise split:

Av® (1— pz)aEd[ &, ds

independent =
step

fstart:| 3

z].

For the ordinary £ channel, this restores the existing Heston independent share
with H = 20 and the affine forward-mean area; its analytically normalized Gamma
endpoint factor is retained. Subtracting endpoint entropy from the full linear area
instead was an unrequested reciprocal residual prescription. Near unit correlation,
intervals of order 10716-10712 exposed subtractive cancellation in the endpoint-
mean and entropy calculation. Restoring the Heston share removes that residual
subtraction, rather than clipping it or changing random draws or the time schedule.

For the = return channel, the endpoint and first-return duration factors to-
gether carry the correlated contribution. For the exact continuous likelihood, the
entropy chain rule separates its return-duration and conditional-path parts; their
total expected log-contract contribution equals P?SE[[ . Z.ds]. Subtracting
only endpoint entropy from the full linear variance and then retaining the duration
likelihood would allocate duration entropy again. The corrected independent share
avoids that allocation.

The implemented ordinary and bridge endpoint factors are normalized Gamma
mean-matching approximations, rather than the full continuous conditional-path
likelihood. Their combined entropy need not equal the correlated budget ex-
actly at finite N. Compare the raw log-contract value, including the duration

(4.350)

AUiEndependent = (1 - PQ)E Eq |:/ Esds
return step
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weight, with the stored fair-area proxy under refinement of the configured fixed
step count; analytic forward normalization alone does not establish variance con-
vergence. Both independent linear-channel shares now use ; the state sam-
pler, random draws, fixed full-cycle schedule and reciprocal frozen-sum formula
remain unchanged. Scores obtained before the ordinary-£ restoration are historical
until repriced with this prescription. The initial market-pricing configuration has
> =0, so its duration factor is identically one. No final market-calibration or VIX
consistency claim is made here.

In magic-time units, £, = and 7 have time dimension; x, K have inverse-time di-
mension; o, 3 have inverse-time-squared dimension; and N, 8, ©, p, P are dimension-
less. The normalized physical clock in has time dimension; its normaliza-
tion must be distinguished from the prescribed surrogate’s mean magic-to-physical
rate.

A reciprocal model with three clocks

The magic-time extension can be enlarged by allowing the reciprocal state and stock
to respond directly to the observing driver’s physical boundary clock. The separate
implementation retains the earlier model as an exact special case; calibration of
the additional channel is a separate task. Retain the magic-time clock 7, the
natural rough clock ti, and the mean-normalized physical clock C; from (4.243)).
The natural driver £ and observing driver x retain their existing dynamics. The
Brownian innovation of y remains independent of the natural driver and of the
reciprocal-state and stock innovations. The observed system is still evaluated at
7(u(T)), with the deterministic physical map applied before taking this inverse
clock.

Use the superscript C' to identify coefficients multiplying the normalized clock,
and the subscript x to identify its observing driver. The existing natural rough
coefficients are unchanged. The domestic drift and covariance specification is

Eqld¢] = (3¥¢r +a— B¢) dr
+ (3Ycr + N —20) dif
T (a¥Ex oy — A0 dC.
d<C> = C <\’)<77d’7' + \’)Qtdtg + ngdc) )

(4.351)
Eq[dS] = 0,
() (He 1 Vs o Y5,
o = <2+C>d7'+cdt +Td0,

A¢,S) = =8 (p/Ocrdr + /O Vs i€ + pyy JWE, WG, dC) .
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The coefficient of d7/( in stock variance remains one, retaining the current scale
choice for . The optional Heston contribution and its natural-driver covariance
are retained: d(¢,S) = pgS\/ﬁﬁ dr. The cross-state covariations d(&, ¢), d(x,(),
d(x,S), and d(, x) are zero. Separate clock-channel innovations produce the stated
covariance sums. The signs of p, 1, and p, describe variance-stock correlations,
opposite to reciprocal-state—stock correlations, as in (4.107)).

The implementation names for the five new normalized-clock coefficients are
evar_S_physical, evar_zeta_physical, alpha_physical, beta_physical, and
rho_physical. These names distinguish them from the existing magic-time and
natural rough parameters.

Positivity and the two numeraires. Diffusion strengths, stock-variance
weights, and reversions are nonnegative. The magic-time state strength satisfies
V¢ > 0, and the correlations satisfy

pl<l <L Ipl<L

Each clock-channel covariance matrix is then positive semidefinite. Retain the
compulsory floor ¥ = 1 in the one-half-diffusion terms of the state drifts; the actual
Feller characteristics include their excess immigration. Under the stock numeraire
these excesses become

af =a—p w{,ﬂ

Ne =N—0/VY: Vs, (4.352)

c _ c_ fv)C v)C
e = = P\ Y Vs

Nonnegative domestic and stock excesses give conservative channelwise nonattain-
ment restrictions. In the new active state-diffusion channel, the domestic and stock
characteristics are 1+ 2045 / \’)gx and 1+ 2045,f / ng, respectively. Use strictly pos-
itive excesses in every active state-diffusion channel when requiring finite inverse-
state expectations in the corresponding numeraire. The critical characteristic one
is a nonattainment floor, not a finite-inverse-moment guarantee. When a diffusion
strength is zero, apply the drift restrictions without dividing by that strength.
With the optional Heston component, the natural driver’s stock-numeraire re-
version is k — pg VH; its immigration 6 is unchanged. The observing driver has no
stock covariance, so its parameters and physical-clock normalization are unchanged
by this numeraire change. The separate implementation reuses the current con-
ditional stock kernel and respects that kernel’s nonpositive correlation restriction,
although the covariance specification itself permits either sign subject to .

Canonical boundary coeflicients and scaling. The normalized clock C
has engineering units of time. Consequently \’)gx, \’)gx, and ag are dimensionless,
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whereas Bg has units 7=, To express the same channel directly through the

canonical boundary clock X, define instead

Ve = L'(6y) ¢
* (1— ex)"@fcx v
L'(0y) c
Ve = ;
RSP
r(0,) (4.353)
Ny = -al,
(1- ex)’ixx
INCG
(1—- ex)ﬁxx

The canonical strengths and immigration have intrinsic powers 7%, and 1, has
power 7%~ These differ from the natural rough powers 7% and 7! because
the associated boundary driver is different. The normalized and canonical pa-
rameterizations are equivalent for 0 < 6, < 1; their coefficient units must not
be interchanged. Feller ratios are unchanged by this conversion. Short-horizon
physical homogeneity remains distinct from engineering units and from increments
started at a positive state, as discussed for the inverse observing clock. In observed
physical time, C(,) = u, so the direct C' channel runs continuously in u. In par-
ticular, its proportional reversion acts directly in physical time: when BS > 0, its
own attenuation duration is 1/ ﬁg . Applying the inverse-clock Laplace exponent
to that rate would describe a different channel.

The relative clock scaling and the Hurst index. At their boundaries,
before mean reversion introduces its characteristic scale, the natural and physical
boundary clocks have magic-time scaling powers 1 — 6 and 1 — 60,, respectively.
Composing the natural clock with the inverse physical clock therefore gives the
typical scaling

£
v w)

1-0 1 0—0
o (1-0)/(1-6,) _ =0 1/ 00
u Vo Ha =5 73" 3 (1 T 9x> . (4.354)

Here H.g is the Hurst index suggested by an independent Brownian innovation in
this rough clock. The relevant separation of the two clock powers is their ratio, or
equivalently the normalized difference in the last expression, rather than the differ-
ence of the two Feller parameters alone. For example, keeping Heg = 0.1 requires
) = 0.84-0.20y. Increasing 6, with 0 fixed increases this index; increasing both pa-
rameters according to that relation preserves it while changing the observing-clock
jump law.
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This statement concerns near-boundary distributional scaling. A positive ini-
tial £ introduces a first-contact delay; mean reversion introduces crossovers, and
the smooth clock channels can dominate observed volatility. The inverse physical
clock creates jumps, so the complete observed process does not acquire the global
continuous-path regularity of fractional Brownian motion with this Hurst index.
Neither replacing the random horizon by its mean nor keeping a fixed unresolved-
jump cutoff establishes this scaling. A nonlinear fitted map «(7") also changes the
relation between this physical-clock index and an index estimated in calendar time.
When §y = 0 and 0 > 60, the stable limiting magic horizon has the finite fractional
moment needed for the expected natural rough clock to have the same leading
physical-time power. At equality, the mean instead has a logarithmic correction;
for 0 < 0,, rare finite magic excursions can give a leading mean proportional to u,
even though the typical clock scale has the power in (4.354)).

When changing 6 in calibration, the units of the natural rough coefficients
change. The separate scale helper retains their intrinsic reference durations as one
explicit starting convention: for a coefficient with magic-time power a, retain ¢!/®
and set the new coefficient to that duration raised to its new power. This preserves
reference units, not prices or expected rough-clock increments; each proposed pa-
rameter pair must still be priced and compared with the same market objective.

A second starting convention instead retains nominal stationary clock-averaged
coefficients in fixed numerical magic-time units. For k > 0, the canonical natural
rough clock has mean rate

ERS]  (1—0)x?

I =
Hee T ()

Multiply Wg, N, ¥, and 2 by the ratio of this rate at the old parameters to
its rate at the new parameters, and set {onew = &£0,0ldKold/knew- This preserves
their nominal averaged channel rates at frozen state, the rough Feller ratio, and
the initial dimensionless location k§y. Optionally adjust H to retain HO/(2k), the
stationary magic-time mean of its Heston variance contribution. These are start-
ing conventions, not invariances of the coupled state dynamics: state-clock de-
pendence, actual moments, short-horizon shapes, and prices must be recomputed.
The separate three_clock_regime_starts.py helper implements this alternative
to retaining reference durations.

Nesting and simulation order. Setting all four new physical strengths and
drift coefficients to zero recovers the current magic-time model, leaving every exist-
ing magic-time and natural rough parameter unchanged; p, is then irrelevant. The
implementation explicitly delegates this case to the current simulator to retain its
random inputs and prices exactly. At 6, = 0 define C; = 7 directly, rather than
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evaluating the singular canonical normalizer. Nonzero physical coefficients then
coalesce with the magic-time channel: diffusion strengths, stock weights, excess
immigrations, reversions, and covariance coefficients add. Only those totals iden-
tify the coalesced channel, not its separate physical and magic-time amplitudes.
Feller restrictions alone therefore do not remove this identification issue.

For positive 0, C'is constant throughout a skipped excursion of x. The com-
plete existing magic-time and natural rough system must evolve across its magic-
time jump, with zero C increment during that excursion. The direct physical
channel evolves between these jumps. Dividing an observation’s physical incre-
ment by its sampled magic-time increment and smearing that ratio through the
excursion would change the model and turn continuous physical-channel effects
into jump effects.

A simulator could retain resolved observing-clock jump times and sizes, evolv-
ing the physical channel between those events. The separate implementation in-
stead uses a refined physical grid and a symmetric splitting step: a physical half-
step, the complete sampled magic-time and natural rough evolution, and a sec-
ond physical half-step. This approximates the ordering of noncommuting channels
and requires a physical-grid refinement check in addition to the existing latent-
grid and unresolved-jump checks. It is not an exact replacement of the joint
clock ordering. The implementation files are three_clock_reciprocal.py and
three_clock_reciprocal_market.py; their regression checks include exact recov-
ery of the earlier prices when the new channel is inactive. A coarse calibration
improvement is not sufficient to replace an independently checked incumbent.

Cox-Ingersoll-Ross Model with Quasi-Rough Extension

The conventional CIR model can be formulated by making the instantaneous in-
terest rate a linear function of the same affine process:

2
_1/7 min
T—2§+r .

Here, we choose the factor v so it can be interpreted as a standard volatility of the

square root process:
d(ry = v2(r — r™n)dt

As in [Eq. 3.36] we will augment it with a rough component so that the pricing
kernel becomes

2 t
Oy = Py exp (Vz / Edt + r™Mot 4+ ‘15r> : (4.355)

to

Gregory Pelts cryptorado.ai/rough-diffusion 171


https://cryptorado.ai/rough-diffusion

The rough component does not affect the Kolmogorov equation outside the bound-
ary, so that it remains the same as for the conventional CIR model:

2
(at + (0 — KE) O + €02 — (”25 + rmm) > ¥ = 0. (4.356)

Instead, the rough rates contribute via the boundary condition [Eq. 3.38] Alterna-
tively, one can use the dual Fokker-Planck equation:

2
(—at + O (KE — 0) - +03E - — <”25 + rmi“> ) »=0 (4.357)

with the boundary condition for Arrow-Debreu prices. The rough com-
ponent allows us to have large long rates in combinations with low or even zero
short rates. The latter occurs if we remove the smooth component by setting
v = r™% — 0. This feature helps to model the low-rate regime. In an application
to credit, this would produce a class of models resembling the Merton capital-
structure model. In the edge case 7 = oo, the default occurs immediately after the
boundary is reached, increasing the similarity to the conventional Merton model.

Jump diffusion

The methodology can also be applied to model jumps. For this purpose, we should
consider a process of type [Eq. 4.40] [Eq. 4.59] or of a more generic form, while
replacing physical time with an abstract clock 7, as proposed in [7]:

e = (0 — k&) dr + /26 dW;. (4.358)

Then we can model the physical time as the edge time for this process.

As we have demonstrated, this would make the clock 7 a pure jump process in
physical time. Consequently, other processes, such as asset prices, rates, etc.,
defined in terms of the clock 7 would also incur jumps. The distributions of this
model can be obtained via the inverse Laplace transform sourced from
with complex arguments. Alternatively, we can solve the model by applying the
Kolmogorov equation derived in the clock 7. The abstract clock 7 cannot directly
enter the pricing problem. Therefore, the relevant solutions must be stationary
in terms of 7, which eliminates the time derivative term from the Kolmogorov
equation, effectively making it elliptic instead of diffusive. The relation to physical
time comes exclusively from the boundary condition

: 1
%lif(l)atlﬁ = "9
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In addition, the process would only be observable at the boundary. This methodol-
ogy would allow us to handle jump diffusion without integro-differential equations.

Hybrid multi-clock models

The methodology can be used to simulate various clocks that naturally occur in
financial models, such as variance clocks, money market accrual clocks, default
probability accrual clocks, etc. When modeling these clocks, we can incorporate
rough components in addition to the traditional smooth components, representable
as integrals over continuous positive processes. Such rough components can be
modeled as a linear combination of edge times obtained from a set of affine pro-
cesses. In addition, the physical clock can be modeled in the same fashion, which
would allow one to incorporate jumps.

Summary

¢ We extend conventional Brownian motions by incorporating additional clocks
associated with the local time spent at the process boundary.

o We speculate that the methodology can emulate a rough diffusion. It also
provides a computationally efficient way to introduce jumps.

e We demonstrate that the approach is capable of handling many stylized facts
pertaining to stochastic volatility.

A Joint distribution of & and t; from the bound-
ary

We consider the mean-reversion-free affine process[Eq. 4.1|started at the boundary,
& = 0. This appendix collects the joint law of the terminal state & and the edge
time ¥ in the form of a one-dimensional integral, obtained by conditioning on the
last hit of the boundary.

Last hit of the boundary

Introduce the auxiliary variable

ug =sup{s <t:& =0}, 0<u <t. (A.1)
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By the Dynkin-Lamperti generalised arcsine law [IT] for the (1 — #)-stable subor-
dinator underlying t (see |[Eq. 4.12)), the ratio w;/t is Beta(1 — 6, 6), with density

Furlu) = Smffe) wOt—w’t 0<u<t (A.2)

At 6 = 1/2, collapses to the classical arcsine density 1/[m+/u(t — u)] of

the last zero of a Brownian motion on (0,t), consistent with the identification
¢ = (n—W)?/2 available at § = 1/2.

Conditional independence given u;

The strong Markov property at u,; implies that the excursion of £ on [u, t] (which
determines &) is independent of the trajectory on [0,u] (which determines ¥, =
ty,). Consequently,

§ ALty ‘ U,

and the joint conditional density factorises as

fft,n\ut(gvt ‘ U) = f§f|ut(€ | ’LL) f?t\ut(t | ’LL) (A3)

Conditional distribution of &

Given u; = u, the process £ on (u,t] is the excursion of the affine of index 6 from
an entrance at 0, conditioned on non-return within (u,¢]. Its density at excursion
age s =t — u is fixed by the requirement that the last-hit decomposition

t
%@H®=AfMWMMHwM

reproduce the entrance density . Matching Laplace transforms in £ (both
sides depend on £ only through the argument \) leads to a Gauss hypergeometric
identity, o F1(1,0; 1; —At) = (1 + Mt)~?, that pins down the shape parameter of the
meander to unity, independently of 6:

et/ (=)

fep(El) =) £>0. (4.4
—u

That is, & | uy = u ~ Exp(rate =1/(t —u)), of mean ¢t — u. Independence of
the shape from 6 is a coincidence of the arcsine-and-entrance-density pair, not a

f-uniform statement about the ambient excursion measure.
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Conditional distribution of t;

Since t; = t,,, the conditional law of ?; given u; = u is the density of the physical
time ¢ at u (a (1 — #)-stable subordinator by [Eq. 3.5 [Eq. 4.12)), normalised as a
function of ? for fixed w:

Frpu (V[ 0) =T = 0)u’ fr(w),  ¥>0. (A-5)

Taking the first moment via the Mellin transform of the one-sided (1 — 6)-stable
law [I3] yields the conditional expectation in closed form:

r1-0r2z-0 1,
r'@)r2-209)
Integrating against the arcsine density reproduces the marginal
expectation [Eq. 4.27at & = 0, E[t; | & = 0] = t179/T°(0).
At 60 =1/2, reduces to a Rayleigh law with parameter /u/2,
tQ

thWt((~ ‘ u) = % eXp<_u> )

and [Eq. A.6| gives E[t; | uy = u] = % 7mu, matching the closed-form joint density
obtained via the Brownian representation of

E[‘t | Ut :U] =

(A.6)

Joint density

Combining [Eq. A.2] [Eq. A3 [Eq. A4l and

t — )~ 1=0) =&/ (t—u)
fanderlo=0 = [ = e A

The three factors in the integrand are, respectively: the density of the physical
time t; at u; the tail Lévy measure of ¢y at t — u (probability rate of an excursion
of length exceeding t — u); and the meander density of & at excursion age t — u.
Except at § = 1/2, where t; has the Lévy distribution and reduces to
elementary form, the density of ¢ is a scaled one-sided (1 — 6)-stable density [13]
and the integral does not close in elementary functions.

B Terminal asset law at a specified next touch

This appendix records the endpoint-first construction for the smooth joint (£, 5)
process. Let T be the specified next touch time, so that &7 = 0, and define the
integrated affine area

T
ATE/O &s ds. (B.1)
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For the smooth Heston component of [Eq. 4.62] substitution of

dft — (0 — Iift)dt
V26

AWE =

and integration to the touch give

St pVH

10g§0= 5 (§o+9T)+< T

+\/(1_2/)2)%/0T\/§:dwj. (B.2)

Consequently, conditional on the £ path and hence on Ar, the terminal log price
is Gaussian with mean

oVH H)
TKL - At

mp(A) = _p\gﬁ (€0 + 0T) + (W - Z) A (B.3)
and variance )
vr(A) = (1_2/))7{14. (B.4)

The conditional terminal distribution at the specified next touch is thus a normal
variance-mean mixture, determined by the conditional area law

Lr(q) = E[e™7 (&, Tiouen = T7. (B.5)

For example, its characteristic function is

T} _ iV /2, (ﬂl_pzm +iu (H pVH

4 4 2

(B.6)

The transform [Eq. B.5|is obtained as the ratio of the area-killed first-touch density
to the ordinary first-touch density, i.e. by a killed Feynman—-Kac boundary-flux
calculation. Let x =log S and let

hT,y(ta 67 I’) = thouch,XT (Ta Yy | t, 57 ZL‘) (B7)

be the joint terminal touch /log-price density, obtained by Fourier inversion of[Eq. B.6

multiplied by the first-touch density. Conditioning on the generated pair (7', y) is
the Doob transform with this random Radon-Nikodym derivative. The covariance

matrix of (&, z) is
B 2 pVvVH
a<§)_£<p\/ﬁ H/Q)’
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so its conditional drifts are b" = b+ aV log ht4. In particular,

B"(d] = (6 — k€ + 260 log hry + pV/H 0, 1og b ) dt,

E"[dS]
S

= <p\/77 ¢ log hry, + %ax log hT,y> dt. (B.8)

This supplies the endpoint-first construction: generate T', generate Sy from[Eq. B.6]
then generate the joint (£, S5) bridge using [Eq. B.8} The implementation provides
the terminal transform, its Fourier density, and the numerical Doob drift; replacing
the legacy stepwise asset transition with the full bridge sampler remains pending.

C Implementation with Pytorch

class rough_stoch_vol_model:
def __init__(self, #*xkvargs):

self.aleph = kvargs.get('aleph')

if self.aleph is None:
self.rough_time = kvargs.get('rough_time', 1/12)
self .aleph = sqrt(self.rough_time)

else:
self .rough_time = self.aleph **x 2

self.xi = torch.tensor(self.rough_time * kvargs.get('init_state', 0.5))
self .rough_var = kvargs.get('rough_vol', 0.2)
elasticity = kvargs.get('elasticity')

if elasticity is None:

self.alpha = kvargs.get('alpha',1)
else:

self.alpha = 1/(1 - elasticity)

self .beta = kvargs.get('beta',0)

self .gamma = kvargs.get('gamma',1)
self.time_index = 0

self .horizon = kvargs.get('horizon',3)

self .num_steps = kvargs.get('num_steps',2**9)
self .num_paths = kvargs.get('num_paths',2**19)
self .antithetic = kvargs.get('antithetic', True)
if self.antithetic: self.num_paths >>= 1

self .time_step = self.horizon/self.num_steps
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self .step_aleph = self.aleph * sqrt(self.time_step)

seed = kvargs.get('seed')

if not seed is None: torch.manual_seed(seed)

self .rn = generate_random(2, self.num_steps, self.num_paths)
self.correlation = kvargs.get('correlation', 0)

if self.antithetic: self.rn = make_antithetic(self.rn)
self.adjustment = torch.tensor(sqrt(log(2)/2) * self.step_aleph)
self .time_index = 0

self.x = 0

def smooth_vol(self):
return (self.gamma/self.rough_time * self.xi).pow(self.alpha) * (
self .beta/self.rough_time * self.xi).exp()

def propagate(self,T):
time_index = min(int(T/self.time_step), self.rn.size()[0])

for r in self.rn[self.time_index:time_index]:
smooth_vol = self.smooth_vol() * sqrt(self.time_step)
smooth_var = smooth_vol.pow(2)
xi = self.xi - self.time_step + r[0] * self.step_aleph
self.xi = xi.max(self.adjustment)
total_var = (self.xi - xi) * self.rough_var + smooth_var
isync_var = total_var - smooth_var * self.correlation **x 2
self.x = self.x + self.correlation * smooth_vol * r[0] \
+ isync_var.sqrt() * r[1] - 0.5% total_var

self.time_index = time_index

def asset_price(self):
return self.x.exp()

D Discretization of the coupled {-S dynamics
under a touch-time ¢ simulator

We simulate £ via the touch-time / meander construction of subsection 4.1 On

each step [t;, t;+1] the touch-time simulator returns the sampled & together with
a flag identifying whether the current excursion continues through the step (case B,
T; > t;11) or a touch of the boundary occurred inside the step (case A, T; < t;41,
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where T; is the pending first-touch time entering the step).

We then evolve S conditional on the sampled £ trajectory using the SDE-
consistent Ito integration of the classic-form dynamics [Eq. 4.62] Substituting
dW¢ = (d¢€ — (0 — K€) dt)//2€ into dS/S = \/HE/2 (pdWE + /1 — p2 dW ) gives

the closed-form conditional log-S dynamics

dlog S = — 32 at + P (dg — (0 — k) dt) + /(1 — p2) 2 AW}, (D.1)

where the CIR diffusion coefficient /2€ cancels the /HE/2 prefactor and leaves
the genuinely constant pyv/H/2. This is the joint (£,S) analogue of the
Girsanov drift acquired by log S under conditioning on € is the deterministic scalar
pVH(1 — 6) dt in the never-touch limit, and reduces to pathwise.

One-step discretization. For each step,
Alog S = [Alog S],, + Alog 5, (D.2)
where the H-channel contribution is

[Alog S],, = —4 M5t 4+ 0V (61 — & — (0— v&)ot) +\/ (1 — p2) B 6t 25, (D.3)

with zﬁ ~ N(0,1) independent across steps and paths, and Alog S°"" collects the

smooth-B contribution —%BiétJr v/ B;dt zp and the rough S contribution —%\’)gé(ﬂr
VY5t 25 (with Z7"8" optionally correlated with 235"8" through 1).

Touching steps. On a step where the excursion completes (7; < t;41, "case
A"), the process crosses the boundary & = 0. Although the diffusion coeffi-
cient /HE/2 formally vanishes at £ = 0, this only makes the integrated variance
ftt;“ HEs/2 ds a sub-interval quantity, not zero: & > 0 at the start of the step, so
the left-endpoint Ito compensator —% (H¢&;/2)dt is O(t), not O(5t%). Dropping the
H-channel contribution on case-A steps therefore removes an O(dt) compensator
that does not cancel, introducing an O(1) per-step martingale bias proportional
to the fraction of case-A steps. We consequently apply on every step
regardless of case A /B; the p-driven (&1 — & — CIR drift - §t) term uses the touch-
time sampled A¢ (which correctly averages to the CIR drift over case-A + case-B
combined) so the correlated shock is unbiased.

Antithetic S-side sampling. The 2%, 25, zgough shocks are drawn as anti-
thetic pairs: for NV paths (even), N/2 Gaussians are drawn and the remaining N/2
are their sign-flipped copies. This halves the S-side variance of every function of
log S that is smooth in the shocks, at no additional cost. The & path is shared
across the pair (the touch-time Poisson-Gamma-Beta chain is not antitheticised).
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Earlier martingale diagnostics. At the stage-1 fit of a EURUSD 7d smile,
0 =08, k=0, & = 0.100, H = 0.0456, using N = 220 = 1,048,576 antithetic
paths and daily steps:

p T steps E[Sr] —1 bias/SE CV log-MGF diff (¢« = 0.5) implied IV shift
0 7d 7 4+1.7x107° +0.25 +4.9 x107° < 0.05 bps
0 30d 30 4+3.0x107%  40.19 +3.0x 1077 < 0.15 bps
0 30d 120 —1.3x107° —0.87 +2.9x 1078 < 0.05 bps
—0.5 30d 30 —34x107%  —0.22 +2.6 x 1077 < 0.15 bps
—0.5 30d 120 —-1.4x107° —0.89 —1.4x1078 < 0.05 bps
—0.9 30d 30 —9.1x10°6 —0.60 +1.7x 1077 < 0.15 bps
-09 30d 120 —-9.8x107°6 —0.64 +2.0 x 1078 < 0.05 bps

These earlier diagnostics were obtained before the current conditional joint transi-
tion review. Subsequent experiments report a stable martingale bias that does not
disappear under grid refinement. The table is retained as historical output only
and must not be read as validation of the present stepwise joint (&, .S) construction.

Verification of the £ marginal. The touch-time simulator’s one-step law
is verified against the closed-form CIR marginal & ~ (¢/2) - NCx?(26, 2&/t) (at
K 0) by direct comparison of first two moments and the Laplace transform
E[exp(—A&)] at multiple A. At N = 222 paths and T = 7d/30d/90d: first two
moments match to < 0.1% (MC noise), Laplace transform to < 3 x 10~* absolute
across A € {1,5,20,100}. The residual bias in the earlier version of the simulator,
of order —4% in E[¢&] for &y > 0, is traced to a catastrophic-cancellation in the case-
B chi-squared sampling of the form 1/s; —1/sprey when the drawn touch time 7' is
large; rewriting the same expression as (Sprev — i)/ (Sprev 8i) = (ti — tprev)/(Sprev Si)
removes the underflow without changing the algorithm at exact arithmetic.

Higher-order refinements. The Ito integration in is exact condi-
tional on the £ path taken as a Gaussian approximation of A&; the residual bias
comes from the higher cumulants of the touch-time A¢ distribution. These vanish
as 6t — 0 (confirmed by the O(dt) decay of the CV log-MGF diff in the table
above). If higher precision is required, the CIR transition MGF has closed form
and can be used to replace the Euler compensator —%(H{i/Q)ét with the exact

per-step — log E[exp((pvVH/2)AE) | &], enforcing per-step martingality exactly.
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E Implementation-specific sampled-touch stream-
ing method

This appendix records the implementation-specific method currently used by the
sampled-touch pseudo-rough simulator. It is deliberately separate from the general
derivations above. The affine process, boundary-touch construction, and condi-
tional laws are inherited from the preceding sections; this appendix describes the
particular numerical method and its practical corrections.

E.1 Method flavour

The implemented method is an endpoint-conditioned, sampled-touch, streaming
Markov method. The physical-time affine state is advanced through the sampled
next-touch construction. Once the next endpoint &;41 has been generated, the asset
is advanced conditional on the realised affine endpoint. The asset is not simulated
on a separate unconditional touch-time path and is not conditioned on the touch
time beyond its effect on the realised ¢ state and the area approximation.

The method therefore has the following character:

e Sampled touch structure: pending touch times determine whether a step
is a continuing excursion or contains a completed excursion.

e Exact affine endpoint laws within the construction: continuing ex-
cursions use the conditional noncentral chi-square law; completed excursions
use the Beta last-touch law and Gamma(l) meander law.

o Conditional asset update: the correlated Heston increment is recon-
structed from the sampled A, while an independent Gaussian supplies the
residual Heston variance.

e Streaming Monte Carlo: only the current £, edge time, B, and log S are
retained. Payoffs are evaluated at their expiry steps.

E.2 Sampled ¢ transition and vectorised Gamma con-
struction

For a continuing excursion, the noncentral chi-square transition is sampled through
the Poisson—-Gamma mixture

N ~ Poisson(\/2), G ~ Gamma(v/2 + N, 1), X2(\) = 2G. (E.1)
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For a completed excursion, the terminal meander is G; ~ Gamma(1, 1) multiplied
by its conditional age scale. In the streaming implementation the two populations
are assembled into one vector of Gamma shapes and scales, followed by one broad-
cast Gamma, draw. This preserves the two distributions while avoiding separate
touch and continuation sampling calls for a mixed batch.

E.3 Conditional streaming update of S

The smooth Heston channel is updated after the affine endpoint has been sampled.
With Z:- ~ N(0,1),

1
Alog SH =log R; — §vﬁ +\/ Vit ZE, (E.2)
where log R; is the endpoint affine martingale correction and
1— 2
Vit = (;YHA&@- (E.3)

The correlated part is contained in log R; and uses the realised ;41 endpoint. The
independent residual uses the forward conditional mean area Ag; rather than a
stored path integral.

For no touch, the forward projection starts at &. For a touched step, the
contribution before the last touch is discarded and the projection starts from zero
at t1ust. For k =0,

1 1
Aei =&d+ §0d2 (no touch), Aei = §0d2 (touch), (E.4)

where d = At; in the first case and d = t;11 — t1ast in the second. For x # 0, with
§= (9//4},

_ _ 1= e—,‘id

Agi=Ed+ (& - O, (no touch), (E5)
. l—erd

Agy = €d—§——, (touch). (E.6)

The x — 0 expressions are used directly to avoid cancellation.

E.4 Complete and extreme B treatments

The complete method adds a smooth physical-time B variance, a rough stock
variance, and rough-channel correlation:

tit1
Vi=Vit+ / Bsds + VgAY, (E.7)
t;
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Before the first touch and after the last touch, B follows its deterministic physical-
time mean-reversion propagator. At a completed excursion the rough edge-time
terminal value B, is sampled. The cumulative conditional mean-reversion con-
tribution over edge time is then converted to a uniform physical-time level on
[thrst, tlast], Preserving the integrated expected contribution over that interval. The
post-touch physical-time propagation starts from Bi,g.

The zero-rate limits are explicit. If B =0,

d
1
B(t) = By + apt, / B(t)dt = Bod + jopd’. (E.8)
0

The same continuous limit is used for the rough edge-time rate g = 0. The
extreme method is a separate approximation: it resets B to Yp over the rough
interval and does not include rough B diffusion or rough B—S correlation.

E.5 Direct-¢ elapsed-edge-time approximation

The alternative fast method does not use a touch-time bridge or the Bessel-function
conditional touch probability. It simulates the affine endpoint directly and esti-
mates the conditional expected edge-time increment from the two endpoint values.
For dt = t; — typ and small &y/dt, the approximation used is

I'(1—0)(2—6)
T(O)T (2 — 20)
re—6)

CT(2- 29)fé ' (E.9)

. <1 - 53_9)
g (2 —0)adtt-9 |-

It is useful to read this as four terms: a positive dt!=? contribution, a negative
initial-endpoint correction, a negative terminal- endpoint correction, and a positive
5379@1*9 cross-term divided by dt'=9.

The derivation starts from the boundary-start conditional result,

BIA € = 0.6, = 61 5105 a7

For nonzero but small &y, the first-touch density is integrated against the post-
touch boundary-start expression. Expanding that integral in the small parameter
€o/dt gives the initial correction —T'(2 — 8)&,~?/T'(2 — 26) and the endpoint cross-
term in [Eq. E.9 This is an endpoint approximation for the fast direct-£ method,
not the exact bridge conditional expectation. The computed increment is floored
at zero.

dtl—@

E[AY | &, = 0,8, = &) =

dtt=f — ¢l (E.10)
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E.6 Streaming, antithetic shocks, and option evaluation

The simulation keeps one current state per path. The B and residual Heston shocks
use antithetic sign patterns, while the touch-time affine chain is sampled from its
own Gamma, Poisson, and Beta draws. Options sharing an expiry are evaluated
together when the corresponding grid step is reached. Thus all strikes and call /put
signs at an expiry use the same simulated path set and the same forward-mean
estimate.

E.7 Implementation validation

The focused implementation suite contains tests for the touch and continuation
Gamma laws, k = 0 and nonzero-« forward areas, the zero-rate B limits, cumulative
rough-B contribution, and finite pure, complete, and extreme streaming prices.
The current suite contains 13 passing tests.

For a pure-Heston benchmark with § = 0.8, Kk = 1, § = 0, H = 0.05, 220
shared paths, and 256 steps, the one-year results were:

p E[S1] mMaxX\—0.1,...,0.9 |2MC — Lanalytic|
0.0 0.99999996 6.73 x 10~
—0.5 0.99998810 4.22 x 1076
+0.5 1.00000820 5.81 x 1076
+0.9 1.00001054 3.71 x 1077
—0.9 0.99997733 1.39 x 1076

These pure-Heston tests are independent of the complete-model B channel.

F Sampled-touch simulation of the rough-asset
reciprocal model

This appendix specifies the original rough-asset specialization of : cc = 0and
Vs = 1 in the original numerical time and reciprocal-state units. All reciprocal
return tilts, residual variances, and Feller shifts in this appendix use that special-
ization. The calendar-time stock scheme is given separately in Appendix [G] The
implementation is separate from the lognormal-B simulator, with three modules in

py/:
e reciprocal_clock.py: copied sampled-touch clock machinery;

e sample_touch_reciprocal.py: reciprocal state and asset updates;
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e rough_reciprocal_market_calibration.py: pricing and calibration.

There is no B state in this scheme. The touch-time, &, and ¥ constructions are
those of Appendix [E} their probabilistic derivations are not repeated here.

The simulation order on each calendar-time step is: sample the touch infor-
mation and £ endpoint, propagate ¢ using that clock information, then update
S through two analytically normalized conditional-return factors and independent
lognormal residuals. The central requirement is that the discrete asset update pre-
serve the martingale condition without rescaling a realised Monte Carlo sample.

F.1 Clock information and retained state

At t; a base path retains &, (;, ¥;, the pending next-touch time, and log S;. On
[ti, ti+1] the clock sampler returns &1, At;, and either a continuing-excursion flag
or the first and last sampled touches, tg5¢ and t1,s. Continuing excursions retain
their pending first touch and use the conditional noncentral Gamma law. A touched
step uses the Beta last-touch law and the Gamma(1l) terminal meander law, then
samples a new pending touch from its new endpoint. This preserves the existing
clock sampler, including its random-draw ordering.
The retained elapsed-edge-time approximation is

T(1-6)0(2 - 6)
T(6)D(2 — 20)

At = (frast — fﬁrst)l_e on a touched step, (F.1)

and zero on a continuing excursion. Here differences in the transformed clock are
calendar-time differences for k = 0, and

- _ e’ftlast — eﬁtﬁrst
tlast - tﬁrst E (H 7é 0) (FQ)

KR

Equation (F.1) is a numerical approximation of the elapsed edge time; it is not a
draw of its full conditional bridge distribution.

F.2 Calendar drift outside the touched interval
When the rough clock is flat, ¢ follows the deterministic flow

1—e P
5
Thus, on a no-touch step, (;+1 = Day,(¢;) and the reciprocal channel contributes

neither stock variance nor a conditional-return correction. The Heston channel still
operates on this step.

Dy(¢) =e P +a Dy(¢) =(+ad (B8=0). (F.3)
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On a touched step the pre-touch state is

Cﬁrst = Dtﬁrst_ti (CZ) (F4:)

The span between the first and last touches is denoted by Atgo‘mh = tlast — thirst-
Calendar drift over this span is aggregated with rough drift, as specified below.
After sampling (.st, the endpoint is

Git1 = Dti+1_tlast (Clast)' (FS)

Consequently calendar drift is applied separately only on the two no-touch por-
tions. Its contribution over the middle span is counted once, inside the aggregated
transition. If A?; = 0, the implementation uses the deterministic full-step flow
directly.

F.3 Aggregated reciprocal transition

For At; > 0 replace calendar time on the middle span by its average rate relative
to rough time. The effective reciprocal parameters are

QQAtE"uCh

h
’ N BAthouc .
YA,

eff
95T = 9+ At

2 — 1 (F.6)
Over AR; the approximation is the ordinary affine diffusion with drift %\Ugﬁ‘fff —
J‘fﬁc and quadratic-variation rate ¥¢(. It has an exact Poisson—Gamma endpoint

sampler. Define its noncentral contribution and Gamma scale by

r¢i = Carst €Xp{—2AY; — BAgtouchy (F.7)
YA T — —2AR; — BAgtouch
cei= -2 expi B n 3 (F.8)
’ 2 AAY; + BAHO

The ratio in the second expression equals one when its denominator is zero. The
actual draw is

Py
NC,i ~ Poisson <<’Z> , Clast =C¢ GC,ia Ggi ‘ NCJ' ~ Gamma(ﬂfﬁ + N{,ia 1).

CC7Z
(F.9)
In particular,

Ea[Cast | Carst, clock information| = r¢; + ﬁfﬂcm. (F.10)

The integrated rate in (F.8)) avoids forming a very large effective rate and then
multiplying it by a very small clock increment. The zero-clock case is handled
before any division by A®v;.
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The assumptions a > 0 and (4.73)) imply

21
ot >1, o= = S (F.11)
) wC
Thus both numeraire characteristics of each aggregated substep remain in the in-

tended interior regime. Exact sampling of this substep does not make the replace-
ment of the two clocks by their average ratio exact.

F.4 Reciprocal conditional-return factor

First consider a smooth reciprocal transition over At, starting at {p and ending at
¢1. Its exact conditional return is R(¢(1) = Eq4[S1 | ¢1]/So. We approximate this
function by a normalized exponential tilt. The normalizer is evaluated under the
endpoint law actually used in the sampler, including the Poisson mixture. This
gives a positive approximation and allows both

Eq[R) =1,  Ea[CiR] = E[¢)] (F.12)

to hold exactly for that transition.
For the aggregated rough substep the domestic log moment-generating function
is

Kei(a) = =9 log(1 — ace) + —i gee,y < 1. (F.13)
1 —ace;
Its foreign target mean is B
Cit = ¢ + U5 g (F.14)

Choose a¢,; so that K( (ac;) = Cig- A form that avoids subtracting nearly equal
quantities is
2(05F — 05")

a¢i = — —. (F.15)
2G5 — 95T ec + \/(19?ff0c,z')2 +4r¢,iCiy
Then the reciprocal return factor is
log Rei = aciGast — K¢ iac,). (F.16)

For » = 0 it equals one. For a zero rough increment it is also set to one. Because
the post-touch flow is affine in (g, the same two identities imply

Eq [Ci_s_lﬁ“ | Chirst, clock information] = Dy, | 4, ., (Ei,f) . (F.17)

This is the foreign first moment of the aggregated reciprocal substep. It is not an
assertion that the complete simulated foreign clock law is exact.
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F.5 Residual reciprocal variance from the fair-variance
formula

For the smooth reciprocal model, orthogonalizing the two Brownian drivers gives
the pathwise decomposition

140 /9: (9 —1) At
logi P <logC1 + 3At> - l ) / ds
So Ve Co 2 o Gs
At 1
dW.
+\/1n2/ —s F.18
0 Vo (F-18)

Conditional on the full ¢ path, the last term is Gaussian with variance (1 —

1n?) OAt ds/(s. The simulation replaces this path integral by its domestic forward

conditional expectation, in the same manner as the Heston forward-area approxi-

mation. This is a log-return variance, rather than a variance of the stock level.
For a smooth reciprocal process the fair variance is

At AAE
Eq [/0 (Z:: Co] =y<e 1;?9,\%)7 (F.19)

Ao
with argument At/(p for 2 = 0. The function is characterized by

v 0,
74:(:23/’(3;) - [1 + Y, <2 - 1) x] y'(x)+1=0, y0)=0, ¥ (0)=1 (F.20)
An expression using the upper incomplete Gamma function is

2 ! 2(1 -
y(z;9,¥¢) = / W’ <0, (u)) du, x>0, 9>1. (F.21)
\')C 0 ‘UC.I
All terms are nonnegative, and the logarithmic singularity at w = 1 is integrable.
Equivalently,
2 ! 2(1 —
y(z) = — [ u"Zexp Gk du. (F.22)
VYer J Vex
These forms avoid a confluent hypergeometric evaluation. They also specify the
continuous small-step limit y(x) ~ .
For numerical evaluation the implementation uses the equivalent integration-
by-parts form

(F.23)
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The subtraction in the numerator is computed with expml and loglp. To resolve
the narrow peak for small steps, the integration coordinate is rescaled to 2u/(¥V¢x)
and integrated up to the smaller of 2/(W¢x) and 48, using 64-point Gauss—Legendre
quadrature. The discarded portion is an exponentially small tail. The incomplete
Gamma term is evaluated by its convergent series when its argument is at most one,
and by Gauss—Laguerre quadrature otherwise. These are numerical approximations
to ; their accuracy should be checked over the parameter range used in
calibration, particularly near 9 = 1.
For a touched step use the domestic effective parameters from and set

5 2TAYY -1
VCJ,_Z = (1 _ D2) y <6Xp{ éf_f l} ;19(;&7 wg) ) (F24)
Jz‘ Cﬁrst

The argument is At; /st when the effective rate is zero; the variance itself is zero
when the rough increment is zero. The numerical evaluator must return a finite
nonnegative value. Its approximation error changes dispersion but does not change
the conditional mean of the compensated lognormal multiplier below.

This forward projection averages over the reciprocal path. It does not condition
the integrated inverse state on the realised (j.st. Nor does it retain the fluctuation
of the integral in the second term of (F.18). In particular, when D] = 1 the
independent Gaussian disappears, but conditioning only on endpoints does not
remove all true bridge randomness. The method is therefore a conditional-return
and residual- variance approximation, not an exact reciprocal bridge sampler.

F.6 Heston return normalized under the sampled-touch
law

The calendar Heston contribution uses the residual variance in (E.3|). On a touched
step, its forward-area projection restarts from zero at the last touch. Thus

51 (- PP)H
Vei=

Ag . F.2
2 & ( 5)

The area formulas are those of the preceding implementation appendix; the post-
touch duration is t;4+1 — t1ast- In particular this approximation discards the pre-
last-touch area on a touched step.

The return normalizer, however, must use the law under which the endpoint
was actually drawn. Conditional on the retained pending touch and the sampled
last-touch information, but before drawing its auziliary Poisson count, that law has
the form

N&Z‘ ~ POiSSOH(f&i), i1 | N&i ~ C¢i Gamma(ygﬂ- + N&i, 1). (F.26)
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For continuation, v¢; = 2 — 6 and the scale and Poisson mean come from the
conditional touch-time transition. For a touched step, v¢; = 1, f¢; = 0, and the
scale is that of the final meander. Consequently the correct conditional log MGF
is ace;

KE’Z‘(CL) = —Vg; log(l — CLCE’Z‘) + 6512‘ acg; < 1. (F27)

1-— ace ’
It is essential to integrate over the Poisson count in this normalizer. Conditioning
on a realised count would normalize a different conditional approximation.

The Heston slope ag; is inherited from the ordinary CIR exponential-tilt pre-
scription: before conditioning on touch metadata, it would give the foreign endpoint
mean

1— 6_(n_p\/ﬁ)Ati
k—pVH

with the continuous zero-rate limit. The new return factor is obtained as follows.
For the ordinary, unconditioned CIR law define

Efl€i1 | &] = &e~rYP0A4 4 g : (F.28)

1— e*ffAti
CSIR = Tgch Eie At CIR =At; (k=0), (F.29)

and let & ¢ be the right-hand side of (F.28). Then

( g £ CIR —0 CCIR)

CIR [2 0 CgR \/ 0 CCIR N 4TCIR fz,fJ

(F.30)

a£7l =

The slope is used with the conditional MGF (F.27)), rather than the ordinary CIR
normalizer: R
log Rg’l' = ag,i&ﬂ — K&i(a“). (F.gl)

This preserves the unit conditional mean for the sampled-touch law, including its
dependence on a retained future touch. It does not also force under each
such conditional law. When p = 0 or H = 0, the factor is one.

For either endpoint factor, ac < 1 is the domain of the first-moment normalizer.
The stronger 2ac < 1 ensures a finite second moment of that factor under its
endpoint law. These are numerical restrictions on the exponential ansatz, distinct
from the model’s two Feller restrictions. The implementation rejects coarse steps
failing 2ac < 1 and requests grid refinement; it does not modify the slope. Neither
a clipped endpoint return nor a sample-mean renormalization supplies the stated
moment identities. Finiteness of a factor’s second moment alone is not a general
proof that every full-model payoff has finite variance.
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F.7 Asset update and its martingale identity

After the two endpoints have been sampled, the complete step is

lo =logR¢; +1og Ry j — =V — =V
g s, g LV¢ g g ¢ i 9 & 9 V¢

+ \/@Zg_l + \/%Zéw (F.32)

where the two standard normals are independent of each other and of all state
draws on that step. They remain conditionally independent given the sampled
state and touch information. The same variance value is used in each Gaussian
coefficient and its corresponding —%V compensator.

To see the discrete martingale property, first average over the two normals.
Both compensated exponentials have conditional mean one. Next average over the
reciprocal Poisson-Gamma endpoint, holding the sampled first/last-touch geome-
try, edge increment and &1 fixed: by (F.13)-(F.16), IE[}A%CZ | that information] =
1. On a touched step the new future pending touch is sampled from &1, but it
does not enter either return factor on the present step. Its conditional law can
therefore be integrated out. Finally average over the & endpoint conditional on the
entering pending touch and sampled last-touch geometry, and then over that last-
touch geometry. Equation (F.27)) gives a unit mean for ég,i in this final endpoint
average. Therefore

ESit1 | Fy™ =5S;,  E[S,,] = So, (F.33)

where F5™ includes the simulator state and its retained pending touch. This is an
analytic identity for the numerical transition, up to evaluation and floating-point
error. It does not require the Monte Carlo mean of any realised batch to equal Sy.

Normalizing relative to the retained touch metadata is stronger than normal-
izing only an unconditional CIR transition. It changes the approximation to the
joint asset—clock law: it does not construct the foreign-measure distribution of fu-
ture touch times. Thus establishes the desired discrete martingale property,
but alone establishes neither exact Heston prices nor convergence of the complete

joint scheme to (4.64]).

F.8 Streaming, calibration example, and diagnostics

In order, one iteration performs the following operations:

1. Sample the continuing or touched clock transition, retaining the conditional
endpoint-law parameters needed for K¢ ; before the auxiliary Poisson draw.
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2. Propagate ¢ deterministically on a no-touch step. Otherwise apply the pre-
touch flow, sample the aggregated reciprocal transition, and apply the post-
touch flow.

3. Compute the normalized Heston and reciprocal return factors and their non-
negative forward residual variances.

4. Apply (F.32)). At an expiry, evaluate all requested strikes and call/put signs
from the same stock sample, together with its unadjusted forward estimate.

Only current states and requested expiry outputs are retained. No full stock,
reciprocal, or clock trajectory is needed for pricing.

The two residual Gaussians use four sign combinations for each base path:
(+,4), (+,-), (= +), and (—,—). All four members share their touch, &, and ¢
draws. Independence holds between base-path groups, not between members of a
group. Monte Carlo standard errors are therefore computed from averages of the
four payoffs within each group.

The example notebook is

py/example_rough_reciprocal_market_calibration.ipynb.

The complete parameter descriptor follows setup at the top of the notebook; ini-
tial values are obtained by evaluating that descriptor. The notebook displays the
default-guess smiles before calibration. As in the Heston example, the saved best
and the defaults are repriced with the current settings; the lower finite objective
supplies the starting point. If that selected point differs from the displayed guess,
its smiles are shown before the first optimizer probe. Every improved point is saved
atomically, and an interrupt returns the best completed result. Rerunning the fit
cell resumes from the saved physical parameters with a fresh optimizer. Result
plots and diagnostics can also read that checkpoint after a kernel restart without
recalibration. The live display retains the latest and best errors. The default bud-
get is 512 residual evaluations, including derivative probes, with the same stopping
tolerances as the Heston example; reaching a numerical stopping condition does
not establish fit quality. The subsequent comparison uses the calibrated parame-
ters and reports raw simulated forwards and their group-based standard errors, in
addition to option-price or implied-volatility residuals. A forward diagnostic uses

E[S7] — So

= : (F.34)
SE(E[ST])

without modifying paths or payoffs to remove the numerator. Finite sample fluctu-
ations should be distinguished from systematic error across seeds and path counts.
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Focused checks for this implementation cover copied clock paths, deterministic
no-touch drift and its zero-rate limits, aggregated Poisson-Gamma endpoint mo-
ments, both reciprocal tilt identities, sampled-touch Heston normalizers, and the
fair-variance evaluator. Monte Carlo diagnostics then exercise the complete update,
including both signs of the correlations and steps with and without touches. Re-
fining the calendar grid probes the drift aggregation, elapsed-edge-time and bridge
approximations. Increasing path count probes sampling error. These are separate
checks: passing the martingale diagnostic does not remove the other approximation
errors described above.
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G Calendar-time asset simulation with a rough
reciprocal state

This appendix describes the separate implementation of , with ¢. = 1 and
Vs = 0. The sampled touches, £ transitions, and elapsed-edge-time approximation
are retained from Appendix , including . The reciprocal endpoint uses the
same exact calendar flows outside the touched span and the aggregated rough affine
transition inside it. Thus calendar drift is included once: explicitly on each outer
interval and through the effective coefficients on the middle interval. These shared
constructions are not repeated here.

Calendar reciprocal variance. The asset now requires [ dt/(, including
during flat-clock intervals. For a calendar-only interval of length d, beginning
at ¢ > 0, its value is obtained exactly from the deterministic flow:

1 a(eft —1)
a10g<1+5<), CE>0,,87£0,
1 ad
d g log(1+>, a>0, =0,
0 s(C) € 1 a=0, 840
/BC ) ) )
Z, a=p6=0.

Continuous small-rate limits are evaluated with numerically stable exponential and
logarithmic functions. For a touched step, denote the reciprocal states immediately
before and after the middle transition by (urst and (lasi. For We > 0 the calendar
inverse-state area on that span is approximated by a positive trapezoid:

f{,i = I(Cly Uirst — ti)
1 1

tlast — tfirst ( >
+ + G.2
2 Cﬁrst Clast ( )

+ I(Clast; ti+1 - tlast)-

When A%, = 0, the whole step instead uses the unsplit exact calendar flow and
I(¢;, At;). This also covers a touched span with zero elapsed edge time. The
trapezoid approximates a calendar-time bridge integral; it is not the conditional
expectation of that integral. Grid refinement is therefore needed even when the
endpoint law and the no-touch integrals are accurate.
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Asset update and conditional pricing. Let Em be the analytically nor-
malized Heston return factor for the actual retained-touch transition, as in Ap-
pendix . Let I}Z be the Heston dispersion-area approximation used there. The
calendar-stock update has just one return tilt:

N U~
Vi=(1- 02)515,1 + I¢i,
_ G.3)
Si = Vi = (
S,l :Rmexp <—2+ ‘/1Z7,> 5 ZZNN(O, 1)

Here Z; is independent of the sampled state and touch information. There is no
reciprocal-state return tilt and no 13 parameter. Conditional on that information,
the exponential has mean one. The analytic normalization of f%gyi then gives con-
ditional mean S; before the step is sampled, within the normalizer’s finite moment
domain. This is a property of the discrete approximation; it does not replace a
martingale argument for the continuous hybrid model. No realized sample-mean
correction is applied.

For European option pricing the independent Gaussian residuals can be inte-
grated analytically. Each path retains the sum of the log-return tilts and the sum
of the residual variances; a conditional lognormal option formula is evaluated at
each expiry. Thus the residual normals need not be sampled or replicated with
antithetic signs. Forward diagnostics use the unadjusted mean of the resulting
conditional forwards.

Implementation and forward-variance checks. The separate modules
in py/ are:

e rough_vol_reciprocal.py: state and calendar integral;
e rough_vol_reciprocal_pricing.py: conditional option pricing;
e rough_vol_reciprocal_market.py: calibration;
e rough_vol_reciprocal_vix.py: conditional forward variance.
The example notebook is
py/example_rough_vol_reciprocal_market_calibration.ipynb.

Its model identifier and saved calibration results are separate from those of the
rough-asset implementation.

The implemented state descriptor uses finite ¥ and ¥ > 0. Setting ¥, =
0 in this descriptor also removes the constant rough drift W¢?¥/2; the remaining
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aggregated middle flow and its inverse integral are deterministic conditional on
the clock. The positive-R drift-only model requires an independent rough
intercept and is not obtained by that single parameter setting. The general positive-
Vs hybrid asset also requires the additional rough return channel; the calendar
implementation does not simulate it.

A further separate implementation, the rough_vol_reciprocal_drift family
of modules, instead fits the independent intercept N. On the middle interval its
aggregated source is a(tlasy — thrst) + NAV;. At W = 0 this source is retained in
the exact aggregated deterministic flow and inverse-state integral. Randomness
remains through the sampled rough clock. For positive diffusion, the calendar
inverse-area approximation is the exact deterministic aggregated area multiplied
by

1/gﬁrst + 1/§1ast
1/Cﬁrst + 1/(1%3 ’
where ¢det

laet 15 the endpoint under that same aggregated drift with diffusion sup-
pressed. This positive correction recovers the deterministic integral continuously
as diffusion vanishes; it remains an endpoint approximation for a stochastic bridge
and requires grid refinement. The fitter uses separate dimensionless coordinates
for (R — W:/2)U /(o and Y U/(y, where U is the chosen deterministic reference
unit of rough time, not its expected realized increment. This enforces the strict
positive-diffusion constraint without a Feller-ratio coordinate, while permitting ex-
act zero-diffusion profiles. Its results notebook is

py/example_rough_vol_reciprocal_drift_joint_calibration.ipynb.

Forward variance can be checked by simulating fresh future clock and reciprocal
paths conditional on the current observed (&, (), using the appropriate calendar
origin, and averaging their calendar inverse-state areas. The Heston area is eval-
uated analytically as in . A pending future touch retained internally by an
earlier sampler is not part of the observed conditioning state. Comparing this
estimate with the frozen-( approximation measures the effect of future recipro-
cal dynamics. Independent seeds and larger path counts assess sampling error;
smaller steps assess the clock, drift-aggregation, and inverse-area approximations.
Ordinary standard error estimates require finite second moments: for the stochas-
tic rough affine transitions, ¥ > 2 is a sufficient interior choice for the endpoint
inverse-square moment.

First-touch lower bound for VIX. Retain ¢, = 1, ¥g = 0, so the stock
has no rough-clock quadratic variation. Let Ty = inf{s >t : £, = 0} be the next
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boundary contact, conditional on the current observed state. Before T} the clock ?
is flat and the reciprocal state follows its calendar flow:

—pu & 1 — g Pu 0
Do) = Ge "'+ 5( e ), B#0, (@)
Gt + au, 8 =0.

For 0 < 6 <1 and u > 0, its exact first-touch survival probability is

13
(1-0, 78)

Py(T; >t +u) = rae-o) e (G.5)
7(1_97515//”’) k=0
ra—e ° ’

where v is the lower incomplete Gamma function. Dropping only the nonnegative
reciprocal area after T3, while retaining the full exact conditional Heston area, gives

2 _ —kAt _ —kAt
VIXE 1[R[ 1S 0, 1
1002 At 2 K K K

At Pt(Tt >t+ U)
—— 2 du .
+/O Du(ct) U}

(G.6)

The Heston area in square brackets has limit &At+60At?/2 at x = 0. The inequality
requires only positivity of ¢ after contact, not a particular sign of its rough drift
or independence of the states.

The integral is an analytic lower bound; its finite-node quadrature is not a
certified bound without a numerical error estimate. Its square root can be used as
a VIX approximation only when the omitted post-touch reciprocal area is negligible,
as may occur after a fast upward reset of (. Accuracy is not automatic when rough
dynamics are absent or when rough activity instead lowers (. Nested conditional
simulation should check this omission across states and expiries, with separate
sampling-error and grid-refinement diagnostics. Rescaling simulated VIX levels to
a parity-implied forward does not preserve the lower-bound ordering and does not
remove state-dependent approximation error.
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H Vol-of-Vol Term-Structure

Fig 2: Smooth contribution (£ = 0.01)  Fig 3: Rough contribution (£ = 0.01)

Fig 4: Smooth contribution (£ = 0.1) Fig 5: Rough contribution (£ = 0.1)
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Fig 6: Smooth contribution (£ = 0.2) Fig 7: Rough contribution (£ = 0.2)

Fig 9: Rough contribution (§ = 0.3)

Fig 10: Smooth contribution (£ =0.5)  Fig 11: Rough contribution (¢ = 0.5)
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log{7)

Fig 12: Smooth vol-of-vol (£ = 1) Fig 13: Rough vol-of-vol (¢ = 2)
,—//u}‘
-4 -3 -2 %1 b 1 2 4

Fig 14: Smooth vol-of-vol (£ = 1) Fig 15: Rough vol-of-vol (¢ = 2)

I Simulation Results

We ran simulation for the 3 years period with 2° time steps and 2'¥ paths for the
following set of model parameters

1
N2:5—2, v=0.03, p=-099, a=1 =0, =03, & =0.582

In the following, we plot the resulting implied volatilities against log % The plots’
width is 2 standard deviations computed with ATMEF volatilities.

References

[1] Lorenzo Bergomi. Volatility modeling: state of the art & outlook . ENSAE,
Paris, January 29, 2020

Gregory Pelts cryptorado.ai/rough-diffusion 200


https://cryptorado.ai/rough-diffusion

0.30

0.27 4
0.28 1
0.26
0.26 1
0.25 4
0.24 1
0.221 0.24 1
0.20 1
0.23 4
0.18 1
s ‘ ‘ ‘ ‘ ‘ oml | ' | | | |
—0.03 -0.02 -0.01 0.00 0.01 0.02 0.03 -0.06 -0.04 -0.02 0.00 0.02 0.04 0.06
Fig 16: Implied Vol: T = 2 days Fig 17: Implied Vol: T = 1 weeks
0.29 1 .
0.311
028{ - 0.30
0.29 1
0.27 1
0.28 1
0.26 1
0.271
0-251 0.26
0.24 1 0.25 - . .
~0.075 -0.050 —0025 0.000 0.025 0050 0.075 -015  -0.10 -005 000 005 010 015
Fig 18: Implied Vol: T = 2 weeks Fig 19: Implied Vol: T = 1 month

[2] Jim Gatheral, Thibault Jaisson, and Mathieu Rosenbaum. Volatility is rough.
Quantitative Finance 18 (6): 933-949, 2018. https://doi.org/10.1080/
14697688.2017.1393551.

[3] Mikkel Bennedsen, Asger Lunde, and Mikko S. Pakkanen. Decoupling the
Short- and Long-Term Behavior of Stochastic Volatility. Journal of Financial
Econometrics 20 (5): 961-1006, 2022. https://doi.org/10.1093/jjfinec/
nbaa049.

[4] Sigurd Emil Remer. Empirical analysis of rough and classical stochastic volatil-
ity models to the SPX and VIX markets. Quantitative Finance 22 (10): 1805-
1838, 2022. https://doi.org/10.1080/14697688.2022.2081592.

Gregory Pelts cryptorado.ai/rough-diffusion 201


https://doi.org/10.1080/14697688.2017.1393551
https://doi.org/10.1080/14697688.2017.1393551
https://doi.org/10.1093/jjfinec/nbaa049
https://doi.org/10.1093/jjfinec/nbaa049
https://doi.org/10.1080/14697688.2022.2081592
https://cryptorado.ai/rough-diffusion

0321

0.314

0.30 1

0.29 4

0.28

0.27 1

0.26

0.25 1 REEE S

0324 -
0.311
0.301
0.29 1
0.28 1
0.27

0.26 1

0.25 1

-0.2 -0.1 0.0 0.1 0.2

Fig 20: Implied Vol: T = 2 months

-0.2 -0.1 0.0 0.1 0.2

Fig 21: Implied Vol: T = 3 months

0.329 -

0.314

0.301

0.29 1

0.28 1

0.27 4

0.26

0.25 4,

0.314

0.30 1

0.29 1

0.28 1

0.27 4

0.26

T T T T T T T
-0.4 -0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Fig 22: Implied Vol: T = 6 months

-0.4 -0.2 0.0 0.2 0.4

Fig 23: Implied Vol: T = 9 months

[5] Giuseppe Brandi and Tiziana Di Matteo. Multiscaling and rough volatility: An
empirical investigation. International Review of Financial Analysis 84: 102324,
2022. https://doi.org/10.1016/j.1irfa.2022.102324!

[6] Carsten H. Chong, Thomas Delerue, and Guoying Li. When Frictions are
Fractional: Rough Noise in High-Frequency Data. Journal of the American
Statistical Association 120 (551): 1531-1544, 2025. https://doi.org/10.

1080/01621459.2024.2428466.

[7] Gregory Pelts. Unspanned Stochastic Volatility, Conformal Symmetries, and
Stochastic Time. https://ssrn.com/abstract=3001967, June 29, 2017

[8] Robert C. Merton, On the Pricing of Corporate Debt: The Risk Structure of
Interest Rates. Journal of Finance. 29 (2): 449-470, 1974

Gregory Pelts cryptorado.ai/rough-diffusion 202


https://doi.org/10.1016/j.irfa.2022.102324
https://doi.org/10.1080/01621459.2024.2428466
https://doi.org/10.1080/01621459.2024.2428466
https://cryptorado.ai/rough-diffusion

0314 .
0.314

0.30 1
0.30

0.291
0.29 4

0.28 1 0.28 1
0.274 0.271
0.261 0.26
0.4 0.2 0.0 02 0.4 —06 -04 -02 00 02 04 06
Fig 24: Implied Vol: T =1 year Fig 25: Implied Vol: T = 1% year
030 | 0.295 1
0.290 1
0.29 1 0.285 1
0.280 1
0.28 1
0.275 A
0.274 0.270
0.265 1
0.26 1
0.260 1
08 -06 -04 -02 00 02 04 06 o8 -100 -075 -050 -025 000 025 050 075 1.00
Fig 26: Implied Vol: T = 2 year Fig 27: Implied Vol: T = 3 year

[9] R. N. Pillai. On Mittag-Leffler functions and related distributions. Annals of
the Institute of Statistical Mathematics 42 (1): 157-161, 1990.

[10] R. Gorenflo, A. A. Kilbas, F. Mainardi, S. V. Rogosin. Mittag—Leffler Func-
tions, Related Topics and Applications. Springer Monographs in Mathematics,
2nd ed., Springer, Berlin, 2020.

[11] N. H. Bingham. Limit theorems for occupation times of Markov processes.
Zeitschrift fiir Wahrscheinlichkeitstheorie und verwandte Gebiete 17: 1-22,
1971.

[12] Mark M. Meerschaert and Peter Straka. Inverse stable subordinators. Mathe-
matical Modelling of Natural Phenomena 8 (2): 1-16, 2013.

Gregory Pelts cryptorado.ai/rough-diffusion 203


https://cryptorado.ai/rough-diffusion

[13] V.M. Zolotarev. One-Dimensional Stable Distributions. Translations of Math-
ematical Monographs, Vol. 65, American Mathematical Society, Providence,
RI, 1986.

[14] Carole Bernard, Zhenyu Cui, and Don McLeish. On the martingale property
in stochastic volatility models based on time-homogeneous diffusions. 2014.
https://arxiv.org/abs/1310.0092.

[15] Peter Carr, Travis Fisher, and Johannes Ruf. On the Hedging of Options On
Exploding Exchange Rates. 2013. https://arxiv.org/abs/1202.6188.

Gregory Pelts cryptorado.ai/rough-diffusion 204


https://arxiv.org/abs/1310.0092
https://arxiv.org/abs/1202.6188
https://cryptorado.ai/rough-diffusion

	Properties of the Running Maximum
	Quasi-Rough Stochastic Volatility Model
	Quasi-Rough Diffusion: Generic Framework
	Quasi-Rough Extension of Affine Process
	Simulation

	Joint distribution of t and 230t from the boundary
	Terminal asset law at a specified next touch
	Implementation with Pytorch
	Discretization of the coupled –S dynamics under a touch-time  simulator
	Implementation-specific sampled-touch streaming method
	Method flavour
	Sampled  transition and vectorised Gamma construction
	Conditional streaming update of S
	Complete and extreme B treatments
	Direct- elapsed-edge-time approximation
	Streaming, antithetic shocks, and option evaluation
	Implementation validation

	Sampled-touch simulation of the rough-asset reciprocal model
	Clock information and retained state
	Calendar drift outside the touched interval
	Aggregated reciprocal transition
	Reciprocal conditional-return factor
	Residual reciprocal variance from the fair-variance formula
	Heston return normalized under the sampled-touch law
	Asset update and its martingale identity
	Streaming, calibration example, and diagnostics

	Calendar-time asset simulation with a rough reciprocal state
	Vol-of-Vol Term-Structure
	Simulation Results

